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Abstract
Three new methods for measuring the rectangularity of regions are developed. They are tested
together with the standard minimum bounding rectangle method on synthetic and real data. It is
concluded that while all the methods have their drawbacks the best two are the bounding rectangle
and discrepancy methods.
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Introduction

If good and reliable image segmentation is available a popular approach to object classification is based
on analysing the shape of the extracted regions (or equivalently the boundaries) [15]. The benefits are
• that the calculation of many of the shape descriptors described in the literature is both simple and
efficient, and
• there is a wide choice of techniques for classification based on a vector of properties, and again
many are both simple and efficient.
Many shape descriptors have been proposed [1, 14, 20] such as eccentricity, Euler number, compactness,
convexity, and bending energy, as well as properties based on moments, Fourier descriptors, circular autoregression, chord distributions, etc. Generally, one of the aims when developing a shape descriptor is to
make it invariant to certain transformations or variations. This allows the descriptor to be more generally
useful, and reduces the amount of preprocessing otherwise required to normalise the data. For instance,
many of the standard shape descriptors listed above are not affected by similarity transformations (scaling, translation, and rotation). However, it is not easy to quantify perceptual shape judgements made by
humans, and the research into the representation of shape is ongoing both in the areas of computational
vision [11, 23] and biological vision [2, 3, 5, 13, 24].
One approach to shape representation is to define a set of standard shapes such as rectangles or ellipses
against which input regions are compared [22]. In the computer vision literature there are standard
computational methods for measuring circularity [9], ellipticity [16], and rectangularity [20]. While these
work fairly well, care has to be taken in their use. For instance, one of the most popular properties,
compactness which is often used to measure circularity, can actually respond better to octagons rather
than circles when presented with quantised data [19], and moreover, is sensitive to noise.
While some research has been carried out regarding circularity and ellipticity, rectangularity has
been relatively neglected. Many textbooks and surveys do not describe or even mention it as a shape
measure [1, 10, 14]. None the less, rectangularity can be a useful property, and can be applied to a range
of tasks as diverse as industrial inspection and the discrimination of fish [18].
This paper provides two contributions. First, three new methods for estimating rectangularity of
regions are developed. Then together with the standard method all four are evaluated on synthetic and
real data to determine how well they behave under noise and various distortions of the shapes.
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2.1

Rectangularity Measures
Minimum Bounding Rectangle Method (RB )

The standard method (which we will denote RB ) for estimating rectangularity is to use the ratio of the
region’s area against the area of the its minimum bounding rectangle (MBR). Although early algorithms
1

for generating the MBR were quadratic [8] more recently an optimal, linear algorithm has been described
by Toussaint [21].
A weakness of using the MBR is that it is very sensitive to protrusions from the region. Even a
narrow spike sticking out of a region can vastly inflate the area of the MBR, and thereby produce very
poor rectangularity estimates. Moreover, there is an asymmetry between protrusions and indentations,
since the latter can have no effect on the MBR (although of course the rectangularity measure is affected).

2.2

Agreement Method (RA )

Our first new approach assumes that the region is rectangular and measures the lengths of the region’s
sides in two different ways. If the region really is rectangular then the two sets of measurements should
agree. Therefore, rectangularity is defined as the degree of agreement between the estimates {a1 , b1 } and
{a2 , b2 } and is calculated as
|a1 − a2 | |b1 − b2 |
+
.
R=
a1 + a2
b1 + b2
A value of zero is produced for an exact rectangle while increasing values correspond to less rectangular
figures. In order to produce values more easily comparable with the other measures we modify the
measure to
R
RA = 1 −
2
which peaks at one for perfect rectangles.
One way to estimate the sides is to find the image ellipse corresponding to the region. This is an
ellipse with the same first and second order moments as the region [17]. From the semi-major and semi
minor axes α and β of the ellipse we can then estimate the rectangle’s measurements a1 and b1 as
s
p
√
6[µ20 + µ02 + (µ20 − µ02 )2 + 4µ211 ]
a1 = 3α =
µ00
s
p
√
6[µ20 + µ02 − (µ20 − µ02 )2 + 4µ211 ]
.
b1 = 3β =
µ00
where µpq are the central moments of the region [17].
Our second estimation method uses the area A and perimeter P of the region. Again, assuming the
region is a true rectangle, then since A = ab and P = 2(a + b) we can solve to find a and b in terms of A
and P
√
P P 2 − 16A
a2 =
4
A
b2 =
.
a2
The region’s perimeter is calculated using Dorst and Smeulder’s method [4]. However, it should be noted
that although reliable estimates of area can be made (errors tend to cancel out) it is more difficult to
estimate the perimeter as the measurement is sensitive to quantisation and noise effects [6]. For instance,
increasing resolution is liable to inflate the perimeter estimate. Similar problems relating to quantisation
and noise arose in the measurement of circularity [9, 19].
A second problem with this approach is that it breaks down for shapes more compact than a square.
P2
> 1. For instance, for a circle
Real, non-zero solutions to the quadratic equation only occur when 16A
π
this quantity is 4 ≈ 0.7854.

2.3

Moments Method (RM )

Our second approach is based on characterising the shape by its moments [17]. The moments of a
3 3
b
rectangle centred at the origin and aligned with the axes are m00 = ab and m22 = a144
. This allows us
to define a measure of rectangularity
m22
R = 144 3
m00
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Figure 1: Subregions used to measure discrepancy between region and rectangle
which will return a response of one irrespective of the aspect ratio and scaling of the rectangle. To make
the descriptor invariant to rotation and translation we must first normalise the data. This can easily be
done using moments to calculate the centroid (x̄, ȳ) and orientation θ of the data as
x̄

=

ȳ

=

θ

=

m10
m00
m01
m00
1
2µ11
tan−1
2
2µ20 − 2µ02

so that the data can then be translated by (−x̄, −ȳ) and rotated by −θ. Again, to make the measure
more convenient to interpret we apply the following transformation that ensures that the descriptor peaks
at one for true rectangles while non-rectangles return values in the range (0, 1)

R if R ≤ 1
.
RM =
1
otherwise
R

2.4

Discrepancy Method (RD )

Our third approach has a similar motivation to the bounding rectangle method. A rectangle is fitted
to the region, and the discrepancies between the rectangle and region are measured. In an attempt to
overcome the weaknesses of the bounding box as a region description, instead we fit the rectangle using
the image ellipse described above. The lengths of the sides are as given in section 2.2, and the centre and
orientation are also calculated using moments as shown in section 2.3. Whereas the bounding rectangle
circumbscribes the region the image ellipse rectangle will pass through the region, hopefully providing a
more representative fit.
The fitted rectangle is used to clip the region. Standard algorithms are available for clipping and
polygon intersection [7, 12]. The following areas are then measured: A1 - the complete region, A2 - the
clipped region, and A3 - the rectangle.1
The discrepancy between the region and the fitted rectangle consists of two parts: the area of the
region outside the rectangle A1 − A2 , and the area of the rectangle that is not filled by the region A3 − A2 .
We normalise the errors by the size of the rectangle, and subtract from one so as to peak at one, to get
RD = 1 −
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A1 + A3 − 2A2
.
A3

Evaluation

We evaluate the measures by applying them to some parameterised synthetic shapes. This enables us
to track the rectangularity values as we continuously modify the shapes. We start with a superellipse,
defined by the implicit equation
 x  2ǫ  y  2ǫ
+
= 1.
a
b

1 We have simplified our implementation by calculating approximations to these quantities by performing image based
operations rather than directly manipulating the boundaries.
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(a) Superellipse shapes

(b) Polynomial pair shapes

Figure 2: The continuum of shapes generated to show deformations from a rectangle
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Figure 3: Measured rectangularity of synthetic shapes over a range of deformations from a rectangle
A value of ǫ = 0 produces a true rectangle. Increasing ǫ corresponds to lopping off the corners, which can
also be viewed as squeezing increasing amounts of the region towards the centre (and rescaling, which we
can ignore).
The second shape has been defined to vary in the opposite manner. We use a polynomial
y = cxn + d
which is also duplicated and reflected in the X-axis, and the two are connected to form a region. Increasing
n corresponds to squeezing increasing amounts of the region outwards from the centre. We arbitrarily
set d = 2b and the remaining coefficient is set to c = ( a2 )n (1 + n)(2bf − d) so as to fix the region’s area
to a constant fraction f of the area of the bounding rectangle. Examples of the region boundaries over a
range of the relevant shape parameters are shown in figure 2 for the two sets of shapes.
The graph in figure 3 displays rectangularity against the deformations of the synthetic rectangles.
Since both sets of test curves start from the same rectangle we have plotted rectangularity for both sets
on the same graph. Right of the origin (increasing ǫ) corresponds to results from shapes like those in
figure 2a while left of the origin (increasing −n) corresponds to results from shapes like those in figure 2b.
Whereas RB , RM and RD operate in a reasonable manner RA breaks down due to an underestimate of
the perimeter which causes the estimation of the rectangle’s axis lengths to return an imaginary solution.
We next examine the effect of another deformation of the basic rectangle. The Y coordinate value
of one corner is scaled to shift it up and down to create a trapezoid. In contrast to the previous shapes
this one is not symmetric (see figure 4a). Both RB and RD are again well behaved, peaking at one for a
rectangle (see figure 5a). RM shows little variation in value, only a slight drop-off for extreme values of
deformation. Likewise, RA produces similar rectangularity estimates over the range of trapezoids. But
worse than RM , RA is extremely sensitive to errors in the perimeter estimation, which (due to the image
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(a) trapezoid

(b) rectangle with protrusion

Figure 4: Further continuous deformations of the rectangle
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Figure 5: Rectangularity of trapezoid

quantisation) is a function of the orientation of the region. As figure 5b shows, depending on the rotation
of the shape, the measure can as easily be minimised as maximised by an undeformed rectangle.
When the measures are applied to the rectangle with protrusions (figure 4b) the expected asymmetry
of the bounding box method is evident (figure 6). Intrusions (indicated by negative values of protrusion)
have little effect on the rectangularity measurement but protrusions have a large effect. The moments
and discrepancy methods are also affected in a similar way, but to a much smaller degree. Although
the agreement method appears symmetric it shows a dip for a real rectangle. This occurs because the
perimeter was underestimated at that point. The peak value occurs when the inaccurate perimeter
estimate matches the expected value for the undeformed rectangle.
We examine the effects of noise by testing the methods on a rectangle and ellipse with varying degrees
of added noise. The two extremes of noise are illustrated in figure 7. The agreement method does
poorly, as it is unable to reliably discriminate between the rectangle and ellipse. Although the other
three methods do consistently discriminate the two shapes it can be seen that the difference in RB values
becomes small as the level of noise increases. In contrast, the RM and RD values are not substantially
affected by noise.
The above experiments have all been performed on synthetic data. The final test is to apply the
measures to 56 regions extracted from a variety of images, and displaying a range of shapes, and noise
levels. Figure 9 shows the regions ranked into descending order according to the rectangularity measures.
Based on a qualitative judgement the bounding rectangle and discrepancy methods appear best, followed
by the agreement method, while the moment based method fares worst.
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Conclusions

Three new rectangularity measures have been developed, and together with the standard method, all four
have been evaluated on both synthetic and real data. From the real data the bounding rectangle and
5

rectangularity

1.0

RB
RA
RM
RD

0.8

0.6
-50

0

50

amount of protrusion

Figure 6: Measured rectangularity of rectangles containing a range of indentations/protrusions

Figure 7: Samples of noisy rectangles and ellipses
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Figure 8: Measured rectangularity of noisy rectangles and ellipses
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discrepancy methods rate best. However, the tests on synthetic data confirm or reveal that each method
has several shortcomings:
• The bounding box method responds unequally to protrusions and indentations, and is sensitive to
noise – especially protrusions.
• The agreement method breaks down for compact regions, and is prone to errors due to inaccuracies
in the perimeter estimation. The errors are a function of both the region’s orientation and resolution.
• The moment based method can respond to other shapes as well as rectangles if they have a similar
ratio of moments. For compact shapes (e.g. the near square on the bottom row) the orientation
estimation is sensitive to noise, which can lead to incorrect rectangularity estimates.
• The discrepancy method uses moments to estimate the rectangle fit, and is similarly prone to poor
orientation estimates for compact shapes.
Since the errors incurred by the orientation estimator for compact shapes tend to be around 45◦ a
simple correction can be applied. An incorrect orientation estimate lowers the rectangularity measure.
Therefore the rectangularity of a region can be measured both at its estimated orientation and also after
an additional 45◦ rotation. Only the maximum rectangularity is retained. This modification was applied
′
′
to the methods RM and RD , and their results are shown in figure 9 labelled as RM
and RD
. A significant
improvement is seen – many compact shapes are now correctly ranked. However, the general conclusions
′
from section 3 remain the same: the methods of choice are either RB or RD
.
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