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D. Dracopoulos and Antonia J. Jones: Neuromodels of analytic dynamic systems.

Abstract. In contrast to recent work aimed at using neural networks for relatively 'long term' prediction of time
series, this paper examines how neural networks designed for short term prediction can form very good
approximation models, valid over alarge region of the phase space, after having been trained on as few as 500
points from a single trajectory of the underlying dynamic system. Thisisillustrated using four dynamic systems
of increasing complexity, including a simple chaotic system and a more realistic system describing rigid body
rotation using orthogonal torques under a chaotic control regime.
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Neuromodels of analytic dynamic systems

D. C. Dracopoulos and Antonia J. Jones

I ntroduction.

Nearly al phenomenaof the natural worldinvolve systemswhose behaviour through time varies. In some casesthe
rulesgoverning the behaviour are themsel ves opague, but in many casescomplexity can arisefromrelatively simple
rules. The most primitive biological information processing systems evolved to meet the necessities of survival.
From sense datato action, flight or the capture of prey, isagap that was bridged by the evol ution of adaptive control
systemsbased on circuitsof simpleneural components. A vital computational characteristic of such neural circuitry
is the ability to model non-linear dynamic systems.

The mathematical description of dynamic systems is well established, using vector differential or difference

equations. For example, a continuous-time dynamic system, without control inputs, can be written as
dx ,
— =X =1xct
o ( ) (1)

where x(t) € R", ce R™and f: R" X R™-> R". The vector x(t) isreferred to as the state of the system at timet.

When we model a dynamic system like (1) we construct a discrete time system

X () = 9OX/(8), X[t s X5, ©) 2

such that thevalues x” (t,) approximate the solutions x(t,) of (1) fork=0, 1, ... Thereisaclear relationship between
modelling and prediction.

Inbiological control systemsthe successor failure of the control actionis constantly checked usingincoming sense
data. We call a neura network which acts in this way a locally predictive net (LPN). Similarly, some control
theorists might call this a series-parallel plant identification model, [Narendra 1989]. In a series of experiments,
we train networks which look at the current state, typically for second order systems (x(t), X(t)), and at a number p
of past states

(X(t-41), X(t-A41)),...,(X(t-p4t), X(t-p4t))
of the actual dynamic system and attempt to predict the next state (X(t+4t), X(t+ A4t)). In recent years several authors

(e.g.[Lapedes1987], [Broomhead 1988], [Narendra1990]) have suggested such models. Thuswe seek to construct
anetwork to implement the mapping

((X(), X(), (X(t-AL), X(t-AD), ..., (X(t-pAt), X(t-pAD)) -~ (X(t+At), X(t+At)) A3)

for somefixed p > 1. (Of course, thereisno particular reason why the sampling interval At need bethe sameasthe
predictioninterval T.) For the purposes of this paper amapping such as (3) is called an input-output model of the
underlying dynamic system.
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Standard feedforward neural networks, with asfew asonehidden layer, using (fixed) arbitrary squashing functions,
can approximate to any desired degree of accuracy any continuous function f: R" -> R™ over a compact subset of
R", provided sufficiently many hidden units are available [Hornik 1989], [Cybenko 1989]. Thisis, of course, an
existence theorem and gives no guarantee that any particular training method will converge to the required
approximation, nor any indication of the number of hidden unitsrequired. However, itisanimportant result. These
results depend essentially on the Stone-Weierstrass theorem which asserts that an algebra A of real continuous
functions, that separates points on a compact set K and does not vanish at any point of K, is dense in the space of
real continuous functions on K.

While empirical tests and simulations show such structures to be effective identification models, it has not been
clear how universal these model sare and whether they can describetheinput-output behaviour of general dynamical
systems. The flow ¢(t) of achaotic system, which may occur in ahigh dimensional space A, evolvesto a compact
attracting manifold A" of lower dimensionality d. The chaotic attractor A" often has afractal structure for which
d is not an integer [Mandelbrot 1982]. A frequently quoted embedding theorem [Takens 1980] establishes the
existence of such models for homogeneous systems: there exists a function y that satisfies the mapping (3) with
p € (d-1, 2d). For non-homogeneous systems, however, previous results only stated sufficient conditions for the
existence of such models in a restricted region of operation around an equilibrium point [Leontaritis 1985].
Recently, using some fundamental concepts from control theory and differential topology, Levin [Levin 1993]
established the existence of global input-output models for a general class of nonlinear systems, i.e. that for any
member of the class (3) holds for some finite p.

In this paper when we speak of 'modelling adynamic system’, we are interested in relatively accurate prediction of
analytically smooth systems for a short time ahead in the case where we have continuous sensory update. It
important to clarify that we are not considering here the problem of obtaining a prediction of the value of atime-
seriesfor arelatively 'long time' ahead. Long term prediction isadifferent and arguably far harder problem, which
has been addressed by a number of authors and has attractions because of its obvious applications. Of course, any
improvement in long term prediction (whether it be by a single application of a network, or by iteration) would
probably imply an improvement of the accuracy and predictive range of the results presented here but would not
affect the qualitative nature of our observations. In this context we note that we are using data for al the state
variables (e.g. for a second-order system x and X) not just one of them (e.g. x).

Moody and Darken [Moody 1988] for example, point out that if we take equispaced samples At apart and try to
predict an interval T ahead then classical techniques like global linear autoregression or Garbor-V olterra-Wiener
polynomia expansionstypically fail for T > t,,,, wheret,,, istheinverse of the mean of the power spectrum. They
givean examplefor the M ackey-Glass equation of alocalised receptivefield network that is ableto achieveamean-
squared error E = 0.05 for T = 85 = 1.7ty,. Our own experience suggests that it is easier to obtain reasonably
accurate long term prediction by training a network to predict in a single step than by training for short term
prediction and then iterating the network. Such iteration tends to lead to arapid accumulation of errors.

The point we are making here is rather different. The following examples suggest that in many cases training on
asingletrajectory can lead to anetwork which hasagood local predictive capability (the embedding map) over the
whole, or (at any rate) alarge region, of the phase space. Thisimplies a surprising (at least to us) generalisation
capability for the LPN network. How robust is this phenomenon? We don't yet know. The analogy which springs
to mind is analytic continuation: is there an underlying C* approximation theorem here? For example, in the case
of theVan der Pol systemanetwork trained on atrajectory external to thelimit cycle (thetrajectory therefore spirals
inwards) nevertheless learns a good LPN model for an internal trgjectory (which spirals outwards). It might be
argued that we can easily vary the dynamics inside so that the network would then be wrong.! The simplest ways
would not preserve continuity of derivatives (including higher order derivatives) across the boundary which is
formed by thelimit cycle. If however weinsisted upon anaytic (i.e. C*) smoothness then atraining trgjectory near
enough to the boundary might pick up sufficient clues from the derivatives near the boundary to get agood model
of the interior. What we can say at present is that our examples suggest the existence of such a phenomenon.

! This observation was made by T. Leen in conversation.
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Weconsider four different dynamic systemsof increasing order of complexity: atwo attractor system, asystemwith
alimit cycle, asimple chaotic system, and the rotational motion of arigid body under a chaotic control regime. For
each system we construct a LPN neuromodel and illustrate graphically the extent to which the neuromodel is an
accurate local predictor for the dynamic system. Typically we have used a few hundred points from a single
trajectory since this is computationally convenient and serves to demonstrate the generalisation capability of the
LPN during testing. However, experiments with the same number of training points uniformly distributed over the
phase space indicate similar results.

Considerable careisneeded to cal culate the evol ution of thedynamic systemsaccurately. We have used the Runge-
Kuttamethod. Since we have used fixed time step integration with systems which involve sensitive dependence it
is necessary to take very smal integration steps where appropriate. Whilst requiring high precision numerical
accuracy, our overal aimisto give an essentially qualitative description of the modelling phenomenon and so we
shall usually ignore details of units. However, we have quantified timein seconds. The LPN predictions proceed,
for themost part, in steps of Atintherange0.1to 1 secand wewritet=Atk(k=0, 1, 2, ...), wheretheinitial value
ist=0.

Simple pattern recognition.

One very straightforward way to use neural networksin this context would be as follows. Take a simple dynamic
systemwith several point attractors and attempt to train the neural net so that given aninitial state of the systemthe
network can predict which attractor the trajectory will eventually reach.

Example. A two attractor system.

For example consider the damped oscillator system

mi + cx - ax + bx3 =0 4

Thishasequilibriaat x=0and x= * v(a/b). Equation (4) model sthe motion of amassin apotential field exhibiting
two minima. If ¢ = 0thereis no damping and there are two kinds of tragjectory: those that crossthe potential barrier
repeatedly and those that simply orbit one of the attractors. If ¢ is small but positive the system is lightly damped,
see for example [Thompson 1986]. The pointsat x= + +(a/b) are competing point attractors and in this symmetric
problem half of the phase space (x, X) leads to one attractor, while the other half leads to the other. Thereis an
unstable equilibrium at x = 0. For these experiments the following values were used:

m=25,c=20,a=3,b=4
so that v(a/b) = 0.866...

Using the substitution X = y the differential equation (4) can be transformed into a system of first order differential
equations

%=y
(5)

ooy + ax - be)
m

<
Il

inwhich form anumerical agorithm, such as the Runge-K utta method, can be applied.

shows the phase space (, X) for this systemwith theinitial points coloured black if the trgjectory is attracted to the
righthand attractor, and whiteif thetrgjectory is attracted to the lefthand attractor. The diagram was constructed by
choosing initial points arranged on a grid and following each trgjectory using the Runge-Kutta algorithm. (It is
worth observing that for this particular dynamic system there is amuch easier method to determine the boundary
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between the black and white zones. One can linearise the system about the unstable attractor at x = 0. Solving the
linear system gives a good approximation of the direction of the trgjectory through this point and iterating this
trajectory gives the boundary.)

Inthisfirst experiment a2-10-10-2 network was trained using backpropagation with alearning rate of n = 0.2 and
amomentum o = 0.7. Vauesfor (x, X) over therange-2 < x < 2and -1 < X < 1 were scaled to (0, 1) and applied to
the two inputs and, using one output node for each of the two attractors, the net was trained to predict the correct
attractor. The input training data consisted of 861 initial points, arranged as a 41(horizontal) X 21(vertical) (step
0.1) grid and the corresponding output values 0/1 associated with each attractor. Training continued for 40,000
iterations. When thetrai ning was compl ete the resulting network wastested to get ahigh resol ution image of 80,601
=401 X 201 points (step 0.01) and the result isshownin .

Thisisarather simpleway to useaneural network to predict adynamic system sinceit isnothing more nor lessthan
direct pattern recognition. As one might expect it works reasonably well, using the outcome of 861 distinct
traj ectoriesto produce quite accurate results near the centre of the region, but these become somewhat lessreliable
near the boundaries. However, when compared with the granularity of the training data we can see that the
inter polative power of the network is quite high.

Locally predictive nets applied to simple dynamic systems.

The methodology of direct pattern recognition plainly has very limited utility when applied to more complex
dynamic systems. We therefore turn to the issue, posed in the introduction, of getting a network to form an input-
output model of the dynamic system.

The choice of At depends on the complexity of the dynamic system under consideration. For simpler systems At
can be large, giving arelatively long term prediction whilst maintaining accuracy. The complexity of a dynamic
system can be described in general termsby its Lyapunov exponents[ Swinney 1985], which measurethe sensitivity
of the system to changes in the initial conditions. The Lyapunov exponents provide a coordinate-independent
measure of the asymptotic local stability of properties of atrgectory. Given a continuous dynamic systemin an n-
dimensional phase space, we examine the evolution of ainfinitesimal ball of radius (0) centred onapoint V(0) in
phase-space and its progressive deformation astime unfolds. This deformation is governed by thelinear part of the
flow. The ball thus remains an ellipsoid. Suppose the principal axes of the ellipsoid at timet are of length g(t). The
spectrum of Lyapunov exponents for the trgjectory V(t) is defined as

g(t)

_lim lim 1 ,
w.fﬂlg.m@loﬂ_oma (for 1 <i < n) (6)

Note the Lyapunov exponents depend on the trgjectory V(t). Their values are the same for any state on the same
trajectory, but may bedifferent for stateson different trajectories. Thetrajectoriesof an n-dimensional phase-space
have n Lyapunov exponents. Thisisoften called the Lyapunov spectrum. It isconventional to order them according
to size. The qualitative features of the asymptotic local stability properties can be summarised by the sign of each
Lyapunov exponent; a positive Lyapunov exponent indicating an unstable direction, and a negative exponent
indicating a stable direction.

In order to obtain a an estimate for a particular trajectory we can average the divergence at many points on the
trajectory. For example, considering only the largest exponent we can compute

A =1lim 1 Mzu%_oo| (7)
N-o N =7 Q_. -t) " €(0)

When A < 0 the motion is regular, while when A > 0, excluding simple counter examples (such as uniform
expansion), themotionwill tend to be chaotic. For al practical purposesthe complexity of the systemincreaseswith
L, and the choice of At in (3) depends on A since the magnitude of the exponent reflects the time scale on which
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trajectories diverge. In other words, we haveto choose asmaller value of At if A islarge for sometrgjectory of the
system.

A two point attractor system.

Wefirst consider the system (4). The characteristic Lyapunov exponent for thissystem, cal cul ated using the method
in [Shimada 1979] is about -0.180 (cal culated with base e logarithms). With p = 1 and At = 1 we trained a 4-10-2
neural network using backpropagation (n = 0.2, o = 0.1). Thetraining data consisted of 198 scaled points from a
single trajectory whose initia point was (x(0), X(0)) = (-1, -0.5), 0 < t < 198. The network was trained for 30,000
iterations. Thus the network was constructed to satisfy

((x(®), X, (x(t-1), X(t-1))) - (x(t+1), X(t+1)) ©)

wheret € [0, 198], for this particular trajectory of the system (4). The crucial question for system modelling is
whether the constructed network satisfies the mapping (8) for all trajectories.

One way to test such anetwork might beto start it at an initial point (x(0), X(0)), and iterate the network (with no
reference to the actual dynamic system) to see how well it follows the desired trgjectory. Given that the system
might in general be chaotic any slight error in alocal prediction will, if uncorrected and iterated, rapidly lead to
significant deviationsfromthetruetrajectory. Anana ogy might bethat of astanding man suddenly rendered devoid
of sensory feedback - he would rapidly fal over. Thisisillustrated in in which the iterated trgjectory converged
to the wrong attractor. However, we should expect such atest to be unsuccessful, since our LPN is constructed to
predict only locally in time.

Welook for other ways to see how much of the global dynamicsaL PN can abstract from alimited set of training
examples. We therefore examine the ability of the network to do what it was trained to do, namely predict one step
ahead. The performance of the network on the training trgjectory is shown in , in which we see very good local
prediction using the network when compared with the trajectory upon which it wastrained. Of course, thiswasto
be expected and merely illustrates that the network has converged on thetraining data. Extending thetrajectory also
showed that the extrapolation performance of the LPN was similarly very accurate.

The next step is obvioudly to test the network on atrajectory different from that upon which it was trained. The
result of such atest of generalisation is shown in . The trgjectory starts at (-0.5, 0.5), t € [0, 50], and again the
agreement is good.

Another way to quickly verify that a LPN can abstract a good approximetion to the overall dynamics from
observations of a single trgjectory isto train a LPN using arelatively small prediction interval At. We can then
compute the overall differential vector field for both the dynamic system and the LPN (for large At thiswould not
be very meaningful) and comparethem. Thisisdonein and respectively. The4-20-10-2 (p= 1, At=0.01) network,
trained for 50,000 iterations, here requires more hidden nodes because we seek to model rather small relative
changes, but the modelling phenomenon is clearly demonstrated.

TheVan der Pol system.

As another example we consider the Van der Pol equation

X -l - xHx +x =0 9

Again this can be transformed into asystem of first order differential equations, so asbeforewe can usethe Runge-
Kutta method.
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X =y
(10)
y = %+ pld - x%y

The Van der Pol equation can be regarded as describing a mass-spring-damper system with a position dependent
damping coefficient. For large values of x, the positive damping coefficient removes energy from the system and
thusthe motion has atendency to converge. However, for small values of x, the damping coefficient isnegativeand
the 'damper' adds energy to the system so that the motion has a tendency to diverge. As aresult of this non-linear
damping the motion can neither grow without bound nor decay to zero. Instead, it displays a sustained oscillation
independent of theinitial conditions, alimit cycle. It issustained by periodically releasing energy into and absorbing
energy from the environment via the damping term. The characteristic Lyapunov exponent for this system,
calculated using the method in [Shimada 1979] is about -0.060.

Thus the system has a stable periodic solution whose period and amplitude depend on the parameter . In these
experimentswetook L = 0.2. Using anumber of experimentswe decided that one past state (p = 1) of the dynamic
system (9) should be used for the LPN with At = 0.1.

We therefore trained a 4-10-2 LPN (1 = 0.2, o = 0) on 500 points taken from the trajectory through (-3, 2) for
100,000 iterations. In we see the successful result of the training. In order to test the generalisation capability of
this LPN we plot the trgjectory that starts at (0.01, 0.01) in. and illustrate phase space diagrams of the actual
system and the L PN respectively, for the two trgjectories starting at (-3,2) and (0.01, 0.01). It isinteresting to note
that although the training trgjectory is outside the region enclosed by the limit cycle, the network nevertheless
performs well on the trgjectory inside the region.

The same network when used for multistep (iterative) prediction gives, as expected, avery poor performance but
neverthelessit till has alimit cycle - .

A simple chaotic system.
We now consider a system which exhibits chaotic behaviour

X + 0.1x + x° = 6sint (11)

Thisrepresentsalightly damped, sinusoidally forced mechanica structure undergoing large el astic deflections. In
this case, the system is extremely sensitiveto initial conditions, i.e. is chaotic.

As before we transform (11) into a system of first order differential equations

X =y
12)
-0.1y - x° + 6sint

<
I

illustrates two trajectories with two amost identical initial conditions, namely (x(0), X(0)) = (2, 3) and (2.01, 3.01)
at t = 0. The characteristic Lyapunov exponent for this system, calculated using the method in [Shimada 1979] is
about 0.165.

Anempirical study of (11) led usto choosep = 3, At = 0.1 and a8-10-5-2 architecture for the LPN. Wetrained the
network using n = 0.2, o = 0 and 500 data points from the trajectory through (2, 3) for t € [0, 50] for 100,000
iterations - see . The generalisation capability of the LPN for the chaotic dynamicswas very good and isillustrated
in - trgjectory through (2.01, 3.01), t € [0, 50].

How well does the LPN model the attractor? This can be visualised by constructing the Poincaré section
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(stroboscopic plotsat timesthat are amultiple of 2r) of the dynamic system and of the LPN. Startingwith theinitial
point (2, 3) we cal cul ated the dynamic system (x(t), X(t)) for t € [0, 40,000] in steps of 10°. Thistook about 36 hours
on a Spark 2. A point was plotted every 2r time steps (initial iterations are suppressed).

Theresultsareshownin and . It seemed rather striking that aneural net trained on asingle trajectory could abstract
such a detailed local model of the overall dynamics.

Rigid body rotation.

In this section, we consider the system which describes the rotational motion of arigid body. Thisis determined
by a system of first order differential equations (Euler equations).

1X = (I, - 1)yz + G,

Ly

(I; -z + G, (13)

12 =(, - L)Xy + G,

wherel,, |,, |, are the principa moments of inertia, X, y, zare angular velocities about the principa axesfixed in
therigid body, and G,, G,, G, are torques applied about these axes.

In general the Euler equations are more complicated than Lorentz's system and for certain choices of I, |, I; and
G,, G,, G; exhibit both strange attractorsand limit cycles[Leipnik 1981]. Specifically, if wechoosel, =3l,, 1,=2I,,
l;=1,withl,=1and

G| [-12 o 62] (x
G,|=| 0 035 0 ||y (14)
G, -6 0 -04)\2Z

the Euler equations produce a binary system of strange attractors for which the attractor of an orbit is determined
by thelocation of theinitial point of the orbit. shows the x angular velocity of the system for two trajectorieswith
similar initial conditions, (3, 2, 1) and (2.9, 1.9, 0.9). The characteristic Lyapunov exponent for this system,
calculated using the method in [Shimada 1979] is about 0.236.

We choosep=3andAt=0.5and train a12-10-5-3 LPN for 100,000 epochswith 501 data points on the trajectory
through (3, 2, 1). Theresultsof thetraining are shownin . The generalisation capability istested on all threeangular
velocities using the trgjectory through (1.9, 1.9, 1.9), which is very different from the training trajectory -, , .

Of coursg, if the trained network is used for iterative prediction then (as expected) we get quite rapid divergence,
see . The performance of the iterated network can be compared with the actua system dynamics by plotting first
the absol ute divergence of the x angular velocity between the system trajectory through (3, 2, 1) and the perturbed
system tragjectory through (2.9, 1.9, 0.9) (Lower trace labelled systemin ), and second the absolute divergence of
the x angular velocity between the system trgjectory starting at (3, 2, 1) and the iterated network trajectory starting
at (2.9, 1.9, 0.9) (Upper trace labelled network in ). Whereas the perturbed system begins to diverge significantly
after 20 steps, the iterated network on the generalisation trajectory is beginning to diverge significantly after 10
steps.

The Poincaré section for the x-z plane of the system, for the trgjectory starting at (3, 2, 1), for theranget < [0,
40,000] (initia iterations are suppressed) is shown in and the corresponding diagram for the LPN in .
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Conclusions.

We have presented some examples of how locally predictive neural networks can model dynamic systems of
different complexity. The results of the experiments seem to us to be remarkable, but may not (of course) extend
to highly complex or high dimensional systems. That aneural net can abstract alocal approximation of adynamic
system, an approximation to the embedding map, over alarge region of the phase space from being trained on a
single trgjectory suggests that for some classes of systems (perhaps the C* case) the computational process of
constructing a good approximation to (3) may not be quite so formidable as might first appear. Given an efficient
training procedure very good results can be obtained with a relatively small set of carefully chosen training data.
If these observations are a reflection of the general situation for analytic systems it would have some useful
consequences, especially in adaptive control applications. This state of affairs contrasts sharply with the method
of persistent excitation in control theory [Narendra 1989], where to identify a plant the training set input must be
rich enough to excite all modes of the dynamical system and the LPN respectively. Plainly some further theoretical
investigations are required.

However, there are a number of practical problems associated with using such networks in on-line applications.
These can be mainly attributed to our lack of knowledge of specific parameters which depend on the dynamic
system. For example, in determining how many past states of a system are necessary in order to predict the next
system state, a number of experiments must be tried. Such problems can be faced using improved theoretical
understanding perhaps combined with evolutionary methods applied to neural networks.
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FIGURES

-1 x

Figure 1 The phase space, coloured black for points which converge to the right attractor and white for points which
converge to the | eft attractor.
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Figure 2 A 2-10-10-2 pattern recognising net attempting to predict the target attractor.
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Figure 3 Two point attractor system. Attempting long range prediction by iteration of the 4-10-2 LPN. Trajectory through (-0.5, 0.5).
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Figure 4 Two point attractor system. How well the 4-10-2 LPN learnt the training data. The two graphs are virtual indistinguishable. The network is predicting 1 sec ahead.
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Figure 5 Two point attractor system. Generalisation capability of the 4-20-2 LPN on atrajectory from initial point (-0.5, 0.5), i.e. different from the training trajectory. Network predicting 1 sec ahead.
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Figure 6 The vector field for the two point attractor system.
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Figure 7 Two point attractor system. The vector field of the 4-20-10-2 LPN - network predicting 0.01 sec ahead.
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Figure 8 Van der Pol system. How well the 4-10-2 LPN learnt the training data. The network is predicting 0.1 sec ahead.
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Figure 9 Van der Pol system. Generalisation capability of the 4-10-2 LPN on trajectory starting at (0.01, 0.01), i.e. different from the training trajectory. The network is predicting 0.1 sec ahead.
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Figure 10 Van der Pol system. A phase plane diagram in which two different trajectories are shown: one starting at (-3,2) which spirals inwards, and the other starts near the origin (0.01, 0.01) and spirals outwards.
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Figure 11 Van der Pol system. The phase plane diagram for the 4-10-2 LPN for the trajectories starting at (-3, 2) and (0.01, 0.01) respectively. The network is predicting 0.1 sec ahead.
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Figure 12 Van der Pol system. Iterating the 4-10-2 LPN (for the same trajectories). As expected the performance is poor, but it isinteresting that the iterated LPN system also exhibits alimit cycle.
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Figure 13 Simple chaotic system. Two trajectories with almost identical initial conditions.



2.5 T T T T T T T T T

system <5

oL netvork - |

ocutput =
=
T

0 50 100 150 200 250 300 350 400 450 500
k= (tine-4)/0.1

Figure 14 Simple chaotic system. How well the 8-10-5-2 LPN learnt the training data. Network predicting 0.1 sec ahead.
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Figure 15 Simple chaotic system. Generalisation capability of the 8-10-5-2 LPN on trajectory starting at (2.01, 3.01). Network predicting 0.1 sec ahead.



ocutput v

T
systen

-1.5

-0.5
output x

0

0.5

1.5

Figure 16 Simple chaotic system. A Poincaré section.
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Figure 17 Simple chaotic system. A Poincaré section for the 8-10-5-2 LPN. Network predicting 0.1 sec ahead.
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Figure 18 Euler system for the chaatic control regime. Two trajectories with almost identical initial conditions.
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Figure 19 Euler system. How well the 12-10-5-3 LPN learnt the training data (only a part of the training trajectory is shown). Network predicting 0.5 sec ahead.
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Figure 20 Euler system. Generalisation capability of the 12-10-5-3 LPN on trajectory starting at (1.9, 1.9, 1.9) - x angular velocity. Network predicting 0.5 sec ahead.
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Figure 21 Euler system. Generalisation capability of the 12-10-5-3 LPN on trajectory starting at (1.9, 1.9, 1.9) - y angular velocity. Network predicting 0.5 sec ahead.
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Figure 22 Euler system. Generalisation capability of the 12-10-5-3 LPN on trajectory starting at (1.9, 1.9, 1.9) - z angular velocity. Network predicting 0.5 sec ahead.
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Figure 23 Euler system. Iterative prediction of the 12-10-5-3 LPN on trajectory starting at (2.9, 1.9, 0.9) - x angular velocity.
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Figure 24 Euler system. Divergence comparison (see text). Further confirmation that iterating the LPN leads to poor long term prediction.




ocutput
=

system 3

output x

Figure 25 Euler system. Poincaré section through the x-z plane for trajectory through (3, 2, 1).
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Figure 26 Euler system. The corresponding Poincaré section through the x-z plane for the 12-10-5-3 LPN. Network predicting 0.5 sec ahead.
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