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A
bstract. In contrast to recent w

ork aim
ed at using neural netw

orks for relatively 'long term
' prediction of tim

e
series, this paper exam

ines how
 neural netw

orks designed for short term
 prediction can form

 very good
approxim

ation m
odels, valid over a large region of the phase space, after having been trained on as few

 as 500
points from

 a single trajectory of the underlying dynam
ic system

. T
his is illustrated using four dynam

ic system
s

of increasing com
plexity, including a sim

ple chaotic system
 and a m

ore realistic system
 describing rigid body

rotation using orthogonal torques under a chaotic control regim
e.

K
eyw

ords. N
eural N

ets, D
ynam

ic S
ystem

s, M
odelling, E

uler equations, C
haos, P
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N
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D
. C

. D
racopoulos and A

ntonia J. Jones

Introduction.

N
early all phenom

ena of the natural w
orld involve system

s w
hose behaviour through tim

e varies. In som
e cases the

rules governing the behaviour are them
selves opaque, but in m

any cases com
plexity can arise from

 relatively sim
ple

rules. T
he m

ost prim
itive biological inform

ation processing system
s evolved to m

eet the necessities of survival.
From

 sense data to action, flight or the capture of prey, is a gap that w
as bridged by the evolution of adaptive control

system
s based on circuits of sim

ple neural com
ponents. A

 vital com
putational characteristic of such neural circuitry

is the ability to m
odel non-linear dynam

ic system
s.

T
he m

athem
atical description of dynam

ic system
s is w

ell established, using vector differential or difference
equations. F

or exam
ple, a continuous-tim

e dynam
ic system

, w
ithout control inputs, can be w

ritten as

w
here x(t) 0

 ú
n, c 0

 ú
m and f: ú

n X
 ú

m ->
 ú

n. T
he vector x(t) is referred to as the state of the system

 at tim
e t.

W
hen w

e m
odel a dynam

ic system
 like (1) w

e construct a discrete tim
e system

such that the values x´(tk ) approxim
ate the solutions x(tk ) of (1) for k =

 0, 1, ... T
here is a clear relationship betw

een
m

odelling and prediction.

In biological control system
s the success or failure of the control action is constantly checked using incom

ing sense
data. W

e call a neural netw
ork w

hich acts in this w
ay a locally predictive net (L

PN
). Sim

ilarly, som
e control

theorists m
ight call this a series-parallel plant identification m

odel, [N
arendra 1989]. In a series of experim

ents,
w

e train netw
orks w

hich look at the current state, typically for second order system
s (x(t), 

0
x(t)), and at a num

ber p
of past states

(x(t-∆
t), 

0
x(t-∆

t)),...,(x(t-p
∆

t), 
0
x(t-p

∆
t))

of the actual dynam
ic system

 and attem
pt to predict the next state (x(t+

∆
t), 

0
x(t+

∆
t)). In recent years several authors

(e.g. [L
apedes 1987], [B

room
head 1988], [N

arendra 1990]) have suggested such m
odels. T

hus w
e seek to construct

a netw
ork to im

plem
ent the m

apping

for som
e fixed p $

 1. (O
f course, there is no particular reason w

hy the sam
pling interval ∆

t need be the sam
e as the

prediction interval T
.) F

or the purposes of this paper a m
apping such as (3) is called an input-output m

odel of the
underlying dynam

ic system
.
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     1 T
his observation w

as m
ade by T

. L
een in conversation.

2

Standard feedforw
ard neural netw

orks, w
ith as few

 as one hidden layer, using (fixed) arbitrary squashing functions,
can approxim

ate to any desired degree of accuracy any continuous function f: ú
n ->

 ú
m over a com

pact subset of
ú

n, provided sufficiently m
any hidden units are available [H

ornik 1989], [C
ybenko 1989]. T

his is, of course, an
existence theorem

 and gives no guarantee that any particular training m
ethod w

ill converge to the required
approxim

ation, nor any indication of the num
ber of hidden units required. H

ow
ever, it is an im

portant result. T
hese

results depend essentially on the S
tone-W

eierstrass theorem
 w

hich asserts that an algebra A
 of real continuous

functions, that separates points on a com
pact set K

 and does not vanish at any point of K
, is dense in the space of

real continuous functions on K
.

W
hile em

pirical tests and sim
ulations show

 such structures to be effective identification m
odels, it has not been

clear how
 universal these m

odels are and w
hether they can describe the input-output behaviour of general dynam

ical
system

s. T
he flow

 n
(t) of a chaotic system

, w
hich m

ay occur in a high dim
ensional space Λ

, evolves to a com
pact

attracting m
anifold Λ

* of low
er dim

ensionality d. T
he chaotic attractor Λ

* often has a fractal structure for w
hich

d is not an integer [M
andelbrot 1982]. A

 frequently quoted em
bedding theorem

 [T
akens 1980] establishes the

existence of such m
odels for hom

ogeneous system
s: there exists a function ψ

 that satisfies the m
apping (3) w

ith
p 0

 (d-1, 2d). F
or non-hom

ogeneous system
s, how

ever, previous results only stated sufficient conditions for the
existence of such m

odels in a restricted region of operation around an equilibrium
 point [L

eontaritis 1985].
R

ecently, using som
e fundam

ental concepts from
 control theory and differential topology, L

evin [L
evin 1993]

established the existence of global input-output m
odels for a general class of nonlinear system

s, i.e. that for any
m

em
ber of the class (3) holds for som

e finite p.

In this paper w
hen w

e speak of 'm
odelling a dynam

ic system
', w

e are interested in relatively accurate prediction of
analytically sm

ooth system
s for a short tim

e ahead in the case w
here w

e have continuous sensory update. It
im

portant to clarify that w
e are not considering here the problem

 of obtaining a prediction of the value of a tim
e-

series for a relatively 'long tim
e' ahead. L

ong term
 prediction is a different and arguably far harder problem

, w
hich

has been addressed by a num
ber of authors and has attractions because of its obvious applications. O

f course, any
im

provem
ent in long term

 prediction (w
hether it be by a single application of a netw

ork, or by iteration) w
ould

probably im
ply an im

provem
ent of the accuracy and predictive range of the results presented here but w

ould not
affect the qualitative nature of our observations. In this context w

e note that w
e are using data for all the state

variables (e.g. for a second-order system
 x and 

0
x) not just one of them

 (e.g. x).

M
oody and D

arken [M
oody 1988] for exam

ple, point out that if w
e take equispaced sam

ples ∆
t apart and try to

predict an interval T
 ahead then classical techniques like global linear autoregression or G

arbor-V
olterra-W

iener
polynom

ial expansions typically fail for T
 >

 tchar , w
here tchar  is the inverse of the m

ean of the pow
er spectrum

. T
hey

give an exam
ple for the M

ackey-G
lass equation of a localised receptive field netw

ork that is able to achieve a m
ean-

squared error E
 .

 0.05 for T
 =

 85 .
 1.7tchar . O

ur ow
n experience suggests that it is easier to obtain reasonably

accurate long term
 prediction by training a netw

ork to predict in a single step than by training for short term
prediction and then iterating the netw

ork. S
uch iteration tends to lead to a rapid accum

ulation of errors.

T
he point w

e are m
aking here is rather different. T

he follow
ing exam

ples suggest that in m
any cases training on

a single trajectory can lead to a netw
ork w

hich has a good local predictive capability (the em
bedding m

ap) over the
w

hole, or (at any rate) a large region, of the phase space. T
his im

plies a surprising (at least to us) generalisation
capability for the L

P
N

 netw
ork. H

ow
 robust is this phenom

enon? W
e don't yet know

. T
he analogy w

hich springs
to m

ind is analytic continuation: is there an underlying C
4 approxim

ation theorem
 here? F

or exam
ple, in the case

of the V
an der Pol system

 a netw
ork trained on a trajectory external to the lim

it cycle (the trajectory therefore spirals
inw

ards) nevertheless learns a good L
P

N
 m

odel for an internal trajectory (w
hich spirals outw

ards). It m
ight be

argued that w
e can easily vary the dynam

ics inside so that the netw
ork w

ould then be w
rong. 1 T

he sim
plest w

ays
w

ould not preserve continuity of derivatives (including higher order derivatives) across the boundary w
hich is

form
ed by the lim

it cycle. If how
ever w

e insisted upon analytic (i.e. C
4) sm

oothness then a training trajectory near
enough to the boundary m

ight pick up sufficient clues from
 the derivatives near the boundary to get a good m

odel
of the interior. W

hat w
e can say at present is that our exam

ples suggest the existence of such a phenom
enon.
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W
e consider four different dynam

ic system
s of increasing order of com

plexity: a tw
o attractor system

, a system
 w

ith
a lim

it cycle, a sim
ple chaotic system

, and the rotational m
otion of a rigid body under a chaotic control regim

e. For
each system

 w
e construct a L

P
N

 neurom
odel and illustrate graphically the extent to w

hich the neurom
odel is an

accurate local predictor for the dynam
ic system

. T
ypically w

e have used a few
 hundred points from

 a single
trajectory since this is com

putationally convenient and serves to dem
onstrate the generalisation capability of the

L
P

N
 during testing. H

ow
ever, experim

ents w
ith the sam

e num
ber of training points uniform

ly distributed over the
phase space indicate sim

ilar results.

C
onsiderable care is needed to calculate the evolution of the dynam

ic system
s accurately. W

e have used the R
unge-

K
utta m

ethod. S
ince w

e have used fixed tim
e step integration w

ith system
s w

hich involve sensitive dependence it
is necessary to take very sm

all integration steps w
here appropriate. W

hilst requiring high precision num
erical

accuracy, our overall aim
 is to give an essentially qualitative description of the m

odelling phenom
enon and so w

e
shall usually ignore details of units. H

ow
ever, w

e have quantified tim
e in seconds. T

he L
P

N
 predictions proceed,

for the m
ost part, in steps of ∆

t in the range 0.1 to 1 sec and w
e w

rite t =
 ∆

t k (k =
 0, 1, 2, ...), w

here the initial value
is t =

 0.

Sim
ple pattern recognition.

O
ne very straightforw

ard w
ay to use neural netw

orks in this context w
ould be as follow

s. T
ake a sim

ple dynam
ic

system
 w

ith several point attractors and attem
pt to train the neural net so that given an initial state of the system

 the
netw

ork can predict w
hich attractor the trajectory w

ill eventually reach.

E
xam

ple. A
 tw

o attractor system
.

F
or exam

ple consider the dam
ped oscillator system

T
his has equilibria at x =

 0 and x =
 ± %

(a/b). E
quation (4) m

odels the m
otion of a m

ass in a potential field exhibiting
tw

o m
inim

a. If c =
 0 there is no dam

ping and there are tw
o kinds of trajectory: those that cross the potential barrier

repeatedly and those that sim
ply orbit one of the attractors. If c is sm

all but positive the system
 is lightly dam

ped,
see for exam

ple [T
hom

pson 1986]. T
he points at x =

 ± %
(a/b) are com

peting point attractors and in this sym
m

etric
problem

 half of the phase space (x, 
0
x) leads to one attractor, w

hile the other half leads to the other. T
here is an

unstable equilibrium
 at x =

 0. For these experim
ents the follow

ing values w
ere used:

m
 =

 2.5, c =
 2.0, a =

 3, b =
 4

so that %
(a/b) =

 0.866...

U
sing the substitution 

0
x =

 y the differential equation (4) can be transform
ed into a system

 of first order differential
equations

in w
hich form

 a num
erical algorithm

, such as the R
unge-K

utta m
ethod, can be applied.

 show
s the phase space (x, 

0
x) for this system

 w
ith the initial points coloured black if the trajectory is attracted to the

righthand attractor, and w
hite if the trajectory is attracted to the lefthand attractor. T

he diagram
 w

as constructed by
choosing initial points arranged on a grid and follow

ing each trajectory using the R
unge-K

utta algorithm
. (It is

w
orth observing that for this particular dynam

ic system
 there is a m

uch easier m
ethod to determ

ine the boundary
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1
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betw
een the black and w

hite zones. O
ne can linearise the system

 about the unstable attractor at x =
 0. S

olving the
linear system

 gives a good approxim
ation of the direction of the trajectory through this point and iterating this

trajectory gives the boundary.)

In this first experim
ent a 2-10-10-2 netw

ork w
as trained using backpropagation w

ith a learning rate of η =
 0.2 and

a m
om

entum
 α =

 0.7. V
alues for (x, 

0
x) over the range -2 #

 x #
 2 and -1 #

 
0
x #

 1 w
ere scaled to (0, 1) and applied to

the tw
o inputs and, using one output node for each of the tw

o attractors, the net w
as trained to predict the correct

attractor. T
he input training data consisted of 861 initial points, arranged as a 41(horizontal) X

 21(vertical) (step
0.1) grid and the corresponding output values 0/1 associated w

ith each attractor. T
raining continued for 40,000

iterations. W
hen the training w

as com
plete the resulting netw

ork w
as tested to get a high resolution im

age of 80,601
=

 401 X
 201 points (step 0.01) and the result is show

n in .

T
his is a rather sim

ple w
ay to use a neural netw

ork to predict a dynam
ic system

 since it is nothing m
ore nor less than

direct pattern recognition. A
s one m

ight expect it w
orks reasonably w

ell, using the outcom
e of 861 distinct

trajectories to produce quite accurate results near the centre of the region, but these becom
e som

ew
hat less reliable

near the boundaries. H
ow

ever, w
hen com

pared w
ith the granularity of the training data w

e can see that the
interpolative pow

er of the netw
ork is quite high.

L
ocally predictive nets applied to sim

ple dynam
ic system

s.

T
he m

ethodology of direct pattern recognition plainly has very lim
ited utility w

hen applied to m
ore com

plex
dynam

ic system
s. W

e therefore turn to the issue, posed in the introduction, of getting a netw
ork to form

 an input-
output m

odel of the dynam
ic system

.

T
he choice of ∆

t depends on the com
plexity of the dynam

ic system
 under consideration. For sim

pler system
s ∆

t
can be large, giving a relatively long term

 prediction w
hilst m

aintaining accuracy. T
he com

plexity of a dynam
ic

system
 can be described in general term

s by its L
yapunov exponents [S

w
inney 1985], w

hich m
easure the sensitivity

of the system
 to changes in the initial conditions. T

he L
yapunov exponents provide a coordinate-independent

m
easure of the asym

ptotic local stability of properties of a trajectory. G
iven a continuous dynam

ic system
 in an n-

dim
ensional phase space, w

e exam
ine the evolution of a infinitesim

al ball of radius ε(0) centred on a point V
(0) in

phase-space and its progressive deform
ation as tim

e unfolds. T
his deform

ation is governed by the linear part of the
flow

. T
he ball thus rem

ains an ellipsoid. S
uppose the principal axes of the ellipsoid at tim

e t are of length ε
i (t). T

he
spectrum

 of L
yapunov exponents for the trajectory V

(t) is defined as

N
ote the L

yapunov exponents depend on the trajectory V
(t). T

heir values are the sam
e for any state on the sam

e
trajectory, but m

ay be different for states on different trajectories. T
he trajectories of an n-dim

ensional phase-space
have n L

yapunov exponents. T
his is often called the L

yapunov spectrum
. It is conventional to order them

 according
to size. T

he qualitative features of the asym
ptotic local stability properties can be sum

m
arised by the sign of each

L
yapunov exponent; a positive L

yapunov exponent indicating an unstable direction, and a negative exponent
indicating a stable direction.

In order to obtain a an estim
ate for a particular trajectory w

e can average the divergence at m
any points on the

trajectory. For exam
ple, considering only the largest exponent w

e can com
pute

W
hen λ 

#
 0 the m

otion is regular, w
hile w

hen λ >
 0, excluding sim

ple counter exam
ples (such as uniform

expansion), the m
otion w

ill tend to be chaotic. F
or all practical purposes the com

plexity of the system
 increases w

ith
λ, and the choice of ∆

t in (3) depends on λ since the m
agnitude of the exponent reflects the tim

e scale on w
hich
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((x(t),
0
x(t),

(x(t
&

1),
0
x(t
&

1)))
6

(x(t
%

1),
0
x(t
%

1))
(8)

ẍ
&

µ
(1

&
x

2)
0
x
%

x
'

0
(9)

trajectories diverge. In other w
ords, w

e have to choose a sm
aller value of ∆

t if λ is large for som
e trajectory of the

system
.

A
 tw

o point attractor system
.

W
e first consider the system

 (4). T
he characteristic L

yapunov exponent for this system
, calculated using the m

ethod
in [Shim

ada 1979] is about -0.180 (calculated w
ith base e logarithm

s). W
ith p =

 1 and ∆
t =

 1 w
e trained a 4-10-2

neural netw
ork using backpropagation ( η =

 0.2, α =
 0.1). T

he training data consisted of 198 scaled points from
 a

single trajectory w
hose initial point w

as (x(0), 
0
x(0)) =

 (-1, -0.5), 0 
#

 t 
#

 198. T
he netw

ork w
as trained for 30,000

iterations. T
hus the netw

ork w
as constructed to satisfy

w
here t 

0
 [0, 198], for this particular trajectory of the system

 (4). T
he crucial question for system

 m
odelling is

w
hether the constructed netw

ork satisfies the m
apping (8) for all trajectories.

O
ne w

ay to test such a netw
ork m

ight be to start it at an initial point (x(0), 
0
x(0)), and iterate the netw

ork (w
ith no

reference to the actual dynam
ic system

) to see how
 w

ell it follow
s the desired trajectory. G

iven that the system
m

ight in general be chaotic any slight error in a local prediction w
ill, if uncorrected and iterated, rapidly lead to

significant deviations from
 the true trajectory. A

n analogy m
ight be that of a standing m

an suddenly rendered devoid
of sensory feedback - he w

ould rapidly fall over. T
his is illustrated in  in w

hich the iterated trajectory converged
to the w

rong attractor. H
ow

ever, w
e should expect such a test to be unsuccessful, since our L

P
N

 is constructed to
predict only locally in tim

e.

W
e look for other w

ays to see how
 m

uch of the global dynam
ics a L

P
N

 can abstract from
 a lim

ited set of training
exam

ples. W
e therefore exam

ine the ability of the netw
ork to do w

hat it w
as trained to do, nam

ely predict one step
ahead. T

he perform
ance of the netw

ork on the training trajectory is show
n in , in w

hich w
e see very good local

prediction using the netw
ork w

hen com
pared w

ith the trajectory upon w
hich it w

as trained. O
f course, this w

as to
be expected and m

erely illustrates that the netw
ork has converged on the training data. E

xtending the trajectory also
show

ed that the extrapolation perform
ance of the L

P
N

 w
as sim

ilarly very accurate.

T
he next step is obviously to test the netw

ork on a trajectory different from
 that upon w

hich it w
as trained. T

he
result of such a test of generalisation is show

n in . T
he trajectory starts at (-0.5, 0.5), t 

0
 [0, 50], and again the

agreem
ent is good.

A
nother w

ay to quickly verify that a L
P

N
  can abstract a good approxim

ation to the overall dynam
ics from

observations of a single trajectory is to train a L
P

N
 using a relatively sm

all prediction interval ∆
t. W

e can then
com

pute the overall differential vector field for both the dynam
ic system

 and the L
P

N
 (for large ∆

t this w
ould not

be very m
eaningful) and com

pare them
. T

his is done in  and  respectively. T
he 4-20-10-2 (p =

 1, ∆
t =

 0.01) netw
ork,

trained for 50,000 iterations, here requires m
ore hidden nodes because w

e seek to m
odel rather sm

all relative
changes, but the m

odelling phenom
enon is clearly dem

onstrated.

T
he V

an der P
ol system

.

A
s another exam

ple w
e consider the V

an der Pol equation

A
gain this can be transform

ed into a system
 of first order differential equations, so as before w

e can use the R
unge-

K
utta m

ethod.
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T
he V

an der Pol equation can be regarded as describing a m
ass-spring-dam

per system
 w

ith a position dependent
dam

ping coefficient. F
or large values of x, the positive dam

ping coefficient rem
oves energy from

 the system
 and

thus the m
otion has a tendency to converge. H

ow
ever, for sm

all values of x, the dam
ping coefficient is negative and

the 'dam
per' adds energy to the system

 so that the m
otion has a tendency to diverge. A

s a result of this non-linear
dam

ping the m
otion can neither grow

 w
ithout bound nor decay to zero. Instead, it displays a sustained oscillation

independent of the initial conditions, a lim
it cycle. It is sustained by periodically releasing energy into and absorbing

energy from
 the environm

ent via the dam
ping term

. T
he characteristic L

yapunov exponent for this system
,

calculated using the m
ethod in [Shim

ada 1979] is about -0.060.

T
hus the system

 has a stable periodic solution w
hose period and am

plitude depend on the param
eter µ

. In these
experim

ents w
e took µ

 =
 0.2. U

sing a num
ber of experim

ents w
e decided that one past state (p =

 1) of the dynam
ic

system
 (9) should be used for the L

P
N

 w
ith ∆

t =
 0.1.

W
e therefore trained a 4-10-2 L

P
N

 (η =
 0.2, α =

 0) on 500 points taken from
 the trajectory through (-3, 2) for

100,000 iterations. In  w
e see the successful result of the training. In order to test the generalisation capability of

this L
P

N
 w

e plot the trajectory that starts at (0.01, 0.01) in .  and  illustrate phase space diagram
s of the actual

system
 and the L

P
N

 respectively, for the tw
o trajectories starting at (-3,2) and (0.01, 0.01). It is interesting to note

that although the training trajectory is outside the region enclosed by the lim
it cycle, the netw

ork nevertheless
perform

s w
ell on the trajectory inside the region.

T
he sam

e netw
ork w

hen used for m
ultistep (iterative) prediction gives, as expected, a very poor perform

ance but
nevertheless it still has a lim

it cycle - .

A
 sim

ple chaotic system
.

W
e now

 consider a system
 w

hich exhibits chaotic behaviour

T
his represents a lightly dam

ped, sinusoidally forced m
echanical structure undergoing large elastic deflections. In

this case, the system
 is extrem

ely sensitive to initial conditions, i.e. is chaotic.

A
s before w

e transform
 (11) into a system

 of first order differential equations

 illustrates tw
o trajectories w

ith tw
o alm

ost identical initial conditions, nam
ely (x(0), 

0
x(0)) =

 (2, 3) and (2.01, 3.01)
at t =

 0. T
he characteristic L

yapunov exponent for this system
, calculated using the m

ethod in [Shim
ada 1979] is

about 0.165.

A
n em

pirical study of (11) led us to choose p =
 3, ∆

t =
 0.1 and a 8-10-5-2 architecture for the L

P
N

. W
e trained the

netw
ork using η =

 0.2, α =
 0 and 500 data points from

 the trajectory through (2, 3) for t 
0

 [0, 50] for 100,000
iterations - see . T

he generalisation capability of the L
P

N
 for the chaotic dynam

ics w
as very good and is illustrated

in  - trajectory through (2.01, 3.01), t 
0

 [0, 50].

H
ow

 w
ell does the L

P
N

 m
odel the attractor? T

his can be visualised by constructing the P
oincaré section
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(stroboscopic plots at tim
es that are a m

ultiple of 2
π) of the dynam

ic system
 and of the L

P
N

. S
tarting w

ith the initial
point (2, 3) w

e calculated the dynam
ic system

 (x(t), 
0
x(t)) for t 0

 [0, 40,000] in steps of 10
-5. T

his took about 36 hours
on a Spark 2. A

 point w
as plotted every 2

π tim
e steps (initial iterations are suppressed).

T
he results are show

n in  and . It seem
ed rather striking that a neural net trained on a single trajectory could abstract

such a detailed local m
odel of the overall dynam

ics.

R
igid body rotation.

In this section, w
e consider the system

 w
hich describes the rotational m

otion of a rigid body. T
his is determ

ined
by a system

 of first order differential equations (E
uler equations).

w
here I

1 , I
2 , I

3  are the principal m
om

ents of inertia, x, y, z are angular velocities about the principal axes fixed in
the rigid body, and G

1 , G
2 , G

3  are torques applied about these axes.

In general the E
uler equations are m

ore com
plicated than L

orentz's system
 and for certain choices of I

1 , I
2 , I

3  and
G

1 , G
2 , G

3  exhibit both strange attractors and lim
it cycles [L

eipnik 1981]. Specifically, if w
e choose I

1  =
 3I

0 , I
2  =

 2I
0 ,

I
3  =

 I
0  w

ith I
0  =

 1 and

the E
uler equations produce a binary system

 of strange attractors for w
hich the attractor of an orbit is determ

ined
by the location of the initial point of the orbit.  show

s the x angular velocity of the system
 for tw

o trajectories w
ith

sim
ilar initial conditions, (3, 2, 1) and (2.9, 1.9, 0.9). T

he characteristic L
yapunov exponent for this system

,
calculated using the m

ethod in [Shim
ada 1979] is about 0.236.

W
e choose p =

 3 and ∆
t =

 0.5 and train a 12-10-5-3 L
P

N
 for 100,000 epochs w

ith 501 data points on the trajectory
through (3, 2, 1). T

he results of the training are show
n in . T

he generalisation capability is tested on all three angular
velocities using the trajectory through (1.9, 1.9, 1.9), w

hich is very different from
 the training trajectory - , , .

O
f course, if the trained netw

ork is used for iterative prediction then (as expected) w
e get quite rapid divergence,

see . T
he perform

ance of the iterated netw
ork can be com

pared w
ith the actual system

 dynam
ics by plotting first

the absolute divergence of the x angular velocity betw
een the system

 trajectory through (3, 2, 1) and the perturbed
system

 trajectory through (2.9, 1.9, 0.9) (L
ow

er trace labelled system
 in ), and second the absolute divergence of

the x angular velocity betw
een the system

 trajectory starting at (3, 2, 1) and the iterated netw
ork trajectory starting

at (2.9, 1.9, 0.9) (U
pper trace labelled netw

ork in ). W
hereas the perturbed system

 begins to diverge significantly
after 20 steps, the iterated netw

ork on the generalisation trajectory is beginning to diverge significantly after 10
steps.

T
he P

oincaré section for the x-z plane of the system
, for the trajectory starting at (3, 2, 1), for the range t 

0
 [0,

40,000] (initial iterations are suppressed) is show
n in  and the corresponding diagram

 for the L
P

N
 in .
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 C
onclusions.

W
e have presented som

e exam
ples of how

 locally predictive neural netw
orks can m

odel dynam
ic system

s of
different com

plexity. T
he results of the experim

ents seem
 to us to be rem

arkable, but m
ay not (of course) extend

to highly com
plex or high dim

ensional system
s. T

hat a neural net can abstract a local approxim
ation of a dynam

ic
system

, an approxim
ation to the em

bedding m
ap, over a large region of the phase space from

 being trained on a
single trajectory suggests that for som

e classes of system
s (perhaps the C

4 case) the com
putational process of

constructing a good approxim
ation to (3) m

ay not be quite so form
idable as m

ight first appear. G
iven an efficient

training procedure very good results can be obtained w
ith a relatively sm

all set of carefully chosen training data.
If these observations are a reflection of the general situation for analytic system

s it w
ould have som

e useful
consequences, especially in adaptive control applications. T

his state of affairs contrasts sharply w
ith the m

ethod
of persistent excitation in control theory [N

arendra 1989], w
here to identify a plant the training set input m

ust be
rich enough to excite all m

odes of the dynam
ical system

 and the L
P

N
 respectively. Plainly som

e further theoretical
investigations are required.

H
ow

ever, there are a num
ber of practical problem

s associated w
ith using such netw

orks in on-line applications.
T

hese can be m
ainly attributed to our lack of know

ledge of specific param
eters w

hich depend on the dynam
ic

system
. For exam

ple, in determ
ining how

 m
any past states of a system

 are necessary in order to predict the next
system

 state, a num
ber of experim

ents m
ust be tried. S

uch problem
s can be faced using im

proved theoretical
understanding perhaps com

bined w
ith evolutionary m

ethods applied to neural netw
orks.

A
cknow

ledgem
ents.

T
his w

ork w
as supported in part by SE

R
C

 90800355 and SE
R

C
 G

R
/J 52471. W

e are indebted to Professor P. C
.

Parks of R
M

C
S, Shrivenham

, for several helpful discussions during the developm
ent of these results and to T

. L
een

and J. M
oody of the O

regon G
raduate Institute for their com

m
ents.

R
eferences.

[B
room

head 1988] D
. S. B

room
head and D

. L
ove. M

ultivariable functional interpolation and adaptive netw
orks.

C
om

plex System
s, 2:321-355, 1988.

[C
ybenko 1989] G

. C
ybenko. A

pproxim
ation by superpositions of a sigm

oidal function. M
athem

atics of C
ontrol,

S
ignals, and S

ystem
s, 2:303-314, 1989. 

[H
ornik 1989] K

. H
ornik. M

ultilayer feedforw
ard netw

orks are universal approxim
ations. N

eural N
etw

orks, 2:359-
366, 1989.

[L
apedes 1987] A

. L
apedes and R

. F
arber. N

on-linear signal processing using neural netw
orks: prediction and

system
 m

odelling. L
A

-U
R

-87-2662. T
heoretical D

ivision, L
os A

lam
os N

ational L
aboratory, N

M
. 87545.



D
. D

racopoulos and A
ntonia J. Jones: N

eurom
odels of analytic dynam

ic system
s.

9

[L
eontaritis 1985] I. J. L

eontaritis and S
. A

. B
illings. Input-output param

etric m
odels for non-linear system

s, part
i: D

eterm
inistic nonlinear system

s. International Journal of C
ontrol, 41:303-328, 1985.

[L
eipnik 1981] R

. B
. L

eipnik and T
. A

. N
ew

ton. D
ouble strange attractors in rigid body m

otion w
ith linear

feedback control. P
hysics L

etters. 86A
:63-67, 1981.

[L
evin 1993] A

. U
. L

evin. R
ecursive Identification U

sing F
eedforw

ard netw
orks. D

epartm
ent of C

om
puter Science

and E
ngineering, O

regon G
raduate Institute, 2000 N

W
 W

alker R
oad. P

O
 B

ox 91000, P
ortland, O

regon O
R

 97291-
1000. Forthcom

ing publication.

[M
andelbrot 1982] B

. M
andelbrot. T

he fractal geom
etry of N

ature. Freem
an, 1982.

[M
oody 1988] J. M

oody and C
. D

arken. L
earning w

ith L
ocalized R

eceptive F
ields. P

roceedings of the 1988
C

onnectionist Sum
m

er School. E
ds. D

. T
ouretzky, G

. H
inton, and T

. Sejnow
ski. M

organ K
aufm

ann, San M
ateo,

C
A

. 1988.

[N
arendra 1989] K

. S. N
arendra and A

. M
. A

nnasw
am

y. Stable A
daptive System

s. Prentice H
all, 1989. 

[N
arendra 1990] K

. S. N
arendra and K

. Parthasarathy. Identification and control of dynam
ical system

s using neural
netw

orks. IE
E

E
 T

ransactions on N
eural N

etw
orks, 1:4-27, M

arch 1990.

[Shim
ada 1979] I. Shim

ada and T
. N

agashim
a. A

 m
athem

atical approach to ergodic problem
 of dissipative

dynam
ical system

s. Progress of T
heoretical Physics, 61:1605-1616, 1979.

[Sw
inney 1985] H

. L
. Sw

inney, A
. W

olf, J. B
. Sw

ift and J. A
. V

astano. D
eterm

ining L
yapunov exponents from

 a
tim

e series. P
hysica D

, 16: 285-317, 1985.

[T
akens 1980] F. T

akens. D
etecting strange attractors in turbulence. In A

. D
old and B

. E
ckm

ann, editors,
D

ynam
ical System

s and T
urbulence, pages 366-381. Springer-V

erlag, 1980. 

[T
hom

pson 1986] J. M
. T

. T
hom

pson and H
. B

. Stew
art. N

onlinear dynam
ics and chaos. John W

iley, 1986.



D
. D

racopoulos and A
ntonia J. Jones: N

eurom
odels of analytic dynam

ic system
s.

10

F
igure 1 T

he phase space, coloured black for points w
hich converge to the right attractor and w

hite for points w
hich

converge to the left attractor.

F
igure 2 A

 2-10-10-2 pattern recognising net attem
pting to predict the target attractor.
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Figure 3 Two point attractor system. Attempting long range prediction by iteration of the 4-10-2 LPN. Trajectory through (-0.5, 0.5).
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Figure 4 Two point attractor system. How well the 4-10-2 LPN learnt the training data. The two graphs are virtual indistinguishable. The network is predicting 1 sec ahead.
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Figure 5 Two point attractor system. Generalisation capability of the 4-20-2 LPN on a trajectory from initial point (-0.5, 0.5), i.e. different from the training trajectory. Network predicting 1 sec ahead.



0

2

4

6

8

10

12

0 2 4 6 8 10 12

Figure 6 The vector field for the two point attractor system.
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Figure 7 Two point attractor system. The vector field of the 4-20-10-2 LPN - network predicting 0.01 sec ahead.
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Figure 8 Van der Pol system. How well the 4-10-2 LPN learnt the training data. The network is predicting 0.1 sec ahead.
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Figure 9 Van der Pol system. Generalisation capability of the 4-10-2 LPN on trajectory starting at (0.01, 0.01), i.e. different from the training trajectory. The network is predicting 0.1 sec ahead.
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Figure 10 Van der Pol system. A phase plane diagram in which two different trajectories are shown: one starting at (-3,2) which spirals inwards, and the other starts near the origin (0.01, 0.01) and spirals outwards.
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Figure 11 Van der Pol system. The phase plane diagram for the 4-10-2 LPN for the trajectories starting at (-3, 2) and (0.01, 0.01) respectively. The network is predicting 0.1 sec ahead.
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Figure 12 Van der Pol system. Iterating the 4-10-2 LPN (for the same trajectories). As expected the performance is poor, but it is interesting that the iterated LPN system also exhibits a limit cycle.
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Figure 13 Simple chaotic system. Two trajectories with almost identical initial conditions.
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Figure 14 Simple chaotic system. How well the 8-10-5-2 LPN learnt the training data. Network predicting 0.1 sec ahead.
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Figure 15 Simple chaotic system. Generalisation capability of the 8-10-5-2 LPN on trajectory starting at (2.01, 3.01). Network predicting 0.1 sec ahead.
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Figure 17 Simple chaotic system. A Poincaré section for the 8-10-5-2 LPN. Network predicting 0.1 sec ahead.
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Figure 18 Euler system for the chaotic control regime. Two trajectories with almost identical initial conditions.
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Figure 19 Euler system. How well the 12-10-5-3 LPN learnt the training data (only a part of the training trajectory is shown). Network predicting 0.5 sec ahead.
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Figure 20 Euler system. Generalisation capability of the 12-10-5-3 LPN on trajectory starting at (1.9, 1.9, 1.9) - x angular velocity. Network predicting 0.5 sec ahead. 
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Figure 21 Euler system. Generalisation capability of the 12-10-5-3 LPN on trajectory starting at (1.9, 1.9, 1.9) - y angular velocity. Network predicting 0.5 sec ahead.
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Figure 22 Euler system. Generalisation capability of the 12-10-5-3 LPN on trajectory starting at (1.9, 1.9, 1.9) - z angular velocity. Network predicting 0.5 sec ahead.
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Figure 23 Euler system. Iterative prediction of the 12-10-5-3 LPN on trajectory starting at (2.9, 1.9, 0.9) - x angular velocity.
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Figure 24 Euler system. Divergence comparison (see text). Further confirmation that iterating the LPN leads to poor long term prediction.
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Figure 25 Euler system. Poincaré section through the x-z plane for trajectory through (3, 2, 1). 
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Figure 26 Euler system. The corresponding Poincaré section through the x-z plane for the 12-10-5-3 LPN. Network predicting 0.5 sec ahead.  
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