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Abstract

This paper proposes a simple methodology to construct
an iterative neural network which mimics a given chaotic
time series. The methodol ogy uses the Gamma test to iden-
tify a suitable (possibly irregular) embedding of the chaotic
time series from which a one step predictive model may be
constructed. This model is then iterated to produce a close
approximation to the original chaotic dynamics.

Having constructed such networks we show how the
chaotic dynamics may be stabilised using time-delayed
feedback, which is a plausible method for stabilisation in
biological neural systems.

Using delayed feedback control, which is activated in
the presence of a stimulus, such networks can behave as
an associative memory, in which the act of recognition cor-
responds to stabilisation onto an unstable periodic orbit.

We briefly illustrate how two identical dynamically inde-
pendent copies of such a chaotic iterative network may be
synchronised using the delayed feedback method. Although
lessbiologically plausible, these techniques may haveinter-
esting applicationsin secure communications.

1. Introduction

This work draws its inspiration from [7]. On the basis
of studies of the olfactory bulb of a rabbit Freeman sug-

gested that in the iterative ‘rest state’ the dynamics of this
neural cluster is chaotic, but that when a familiar scent is
presented the neural system rapidly simplifies its behaviour
and the dynamics becomes more orderly, more nearly peri-

odic than when in the rest state. We call this tb&ieval
behaviour since it is analogous to the act of recognition.

This suggests an interesting model of recognition in bio-

logical neural systems which is quite different from earlier

attempts to use neural networks for pattern recognition or

as associative memoaories.

To construct such a system we have to consider how bes
to construct neural models which exhibit chaotic dynamics.
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Neural network models which are dynamical systems are
not new. The classical example is the Hopfield network [9],
for which the simplest case considers nodes whose outputs
are zero or one and where memories are associated with
specified (preferably uncorrelated) point attractors. How-
ever, such a model cannot meet our needs. The state space is
finite, consisting of fixed length vectors whose components
are zero or one, and henckaos, in the classical sense of
dynamical systems, with its infinitely rich variety of modal-
ities will never be exhibited. Indeed for a symmetric Hop-
field network the dynamics are essentially trivial: starting
from any initial state the network will simply iterate to a
fixed point.

In contrast if the dynamics are chaotic then unstable pe-
riodic orbits are dense on the chaotic attrattand there
are infinitely many of them. Thus an associative memory
such as described by Freeman, for which the computations
are performed to aarbitrary precision, could in principle
accommodate infinitely many memories. At any rate such
a system is not subject to the conventional Hopfield upper
bound of0.15n, wheren is number of neurons [2]. Of
course, for the Hopfield net the situation is rather differ-
ent. In the Hopfield model memories are associated with
specified point attractors, whereas in the Freeman paradigm
memories would be associated with unstable periodic be-
haviours which could not be specifial initio. Plainly we
need to work with network models having continuous node
outputs rather than the discrete outputs of the classical Hop-
field model.

Chaotic dynamics have been observed in many artificial
neural systems, either in continuous-time systems [12] or
discrete-time systems [20]. An early example of a neu-
ral system which displays chaos at theural level is the
voltage-controlled oscillator neuron (or VCON) of [10].

This model, in contrast to all-or-none neuron models, gen-
erates voltage spikes that phase-lock to oscillatory stimula-
tion, similar to the phase-locking of action potentials to os-
cillatory voltage stimulation observed in Hodgkin-Huxley

tpreparations of squid axons [8].

1see footnote 1 on page 1199 of [14].



In this paper, building on existing knowledge of smooth recent interest. Results shown by Skarda and Freeman [17]
non-linear modelling techniques, we propose a methodol- support the hypothesis that neural dynamics are heavily de-
ogy, suggested in part by Takens theorem [18], to build pendent on chaotic activity. Nowadays it is believed that
chaotic neural networks based on an iterative model of synchronization plays a crucial role in information process-
a conventional feedforward network trained to accurately ing in living organisms and could lead to important appli-
model a given chaotic time series. We show how such net- cations in speech and image processing [13]. Moreover due
works can readily be constructed and give a simple exam-to the important role that secure communications plays in

ple. industrial and banking communications, the potential appli-
cation of chaotic synchronization to secure communications
1.1. Controlling neural chaos is receiving increased attention. \We show how two identical

copies of a chaotic neural system may be synchronised us-
Having seen how to exhibit neural chaos the next ques- ing a variation of the method used for control - these results

tion becomes how to control it? Most such methods, such &€ based on the work of [3].
as the OGY method, require careful and systematic analy-
sis of the chaotic dynamical behaviour and prior specifica- 2. The Gamma test
tion of the target unstable fixed point, which is difficult and
computationally expensive, before successful control can be
achieved. Moreover, such control techniquesaaternal to
the system being controlled, whereas for a neural system to

behave as described by [7] the control shouldtensic to (x(2),y(2)) (1 <@ < M), wherex(i) € R™ and without
the neural dynamics. loss of generality(i) € R. If y is a vector we treat each

The dynamics of large neural ensembles are high- component separately and at very little extra computational
dimensional, and whilst the OGY technique is an effective cost obtain an individual estimate of the Gamma test result

tool for the control of low dimensional chaos it needs fur- for each output. Assume the data is described by an under-

ther elaboration for effective control of higher dimensional Y9 model of the form

systems. Indeed, for higher dimensional systems it may be

that other types of control procedures will prove far more y=f)+r=flzn,....em)+r (1)
effective.

Delayed feedback to controbntinuous dynamical sys-
tems exhibiting chaos was first suggested in [15]. We use
a modified version of this approach to stabilise an itera-
tive neural model (previously trained to generate chaotic be-
haviour in the ‘rest state’) in the presence of an input stimu-
lus. One of the attractions of delayed feedback stabilisation
is that it has a very low computational overhead and so is
extremely easy to implement in hardware. It would also be
very easy to implement in biological neural circuitry and so
offers one plausible mechanism whereby such stabilisation

might occur. : : . s
d algorithm requires certain pre-conditions. We assume that

The particular unstable periodic orbit which is stabilise raini d testing dat i N le sets in which:
depends quite strongly on the precise character of the ap- raining and testing data are different sampie Sets in which-

plied stimulus. Thus the system can act as an associative
memory in which the act of recognition corresponds to sta-
bilising onto an unstable periodic orbit which is charac-
teristic of the applied stimulus. The entire artificial sys-
tem therefore exhibits an overall behaviour and response
to stimulus which precisely parallels the biological neural
behaviour observed by Freeman.

The Gamma test is a non-linear modelling analysis tool.
Suppose we are given an input/output data set of the form

wheref is a smooth function with bounded partial deriva-
tives, andr is a stochastic variable with mean zero and
bounded variance.

The Gammatest [1],[11] is designed to estimate the vari-
ance ofr, Var(r), i.e. that part of the variance of the output
which cannot be accounted for by the existence of some
underlying smooth modef (even thoughf is unknown).

A single run of the Gamma test has a time complexity of
O(M log M) (using, for example, a k-d tree) and depend-
ing on the input dimensiom, executes in a few seconds
for data sets of a reasonable size (1¢. < 1000). This

e Input and output variables take continuous values
e The training set inputs are non-sparse in input-space
e Each output is determined from the inputs by a smooth

deterministic process which is the same for both train-
ing and test sets

1.2. Synchronisation e Each outputis subjected to statistical noise whose dis-
tribution may be different for different outputs but
The idea of synchronising two independent copies of which is the same in both training and test sets for cor-

identical chaotic dynamical systems has been of increasing responding outputs
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0, v(p) =0 for 1<p<pmas
for i=1to M do
generate N[i,p] {find the pm.. near neigh-
bours of x(i)}
for p=11t0 pme. doO
3(p) = 6(p) + [x(i) — x(N[i, p]))°
z(p) =0

Here we shall give a brief description of the algorithm
but not enter into the details of the theoretical discussion
of its range of applicability. For a wide class of sampling
distributions in input space, whose support have positive where L(N|i, p]) is the length of the lisiV[i, p]. Here, in
measure and satisfy some reasonable side conditions, thethe second sum, we use a convenient abuse of notation in
oretical proofs of the algorithm appear feasible and details whichx(NTi, p]) stands for any one of the (equidistapt}
will be discussed elsewhere [5]. However, the test seemsnearest neighbours &f(i), since the distance is the same
quite robust with respect to the probability density function for all. Thusd(p) is the mean square distance to &
 of the sampling distribution in input space and to the pre- nearest neighbour. We also write
cise nature of its support. This is fortunate, because many "
of the more interesting applications involve chaotic (possi- +(p) = 1 Z
bly noisy) time series, and with typical chaotic time series 2M —
the support ofy (in the embedding space) has measure zero
and a Hausdorff dimension which is often substantially less Where they observations are subject to statistical noise as-
thatm. For such cases the test works well and the numberSumed independent afand having bounded variante
of data pointsM required to obtain an accurate estimate of ~ Under reasonable conditions one can show that
Var(r) is substantially less than might otherwise be the case ~
(e.g. if the sampling distribution were uniform over input 7(p) ~ Var(r) + A3(p) + o(3(p))
space). where the convergence is in probability.
A single run of the Gamma test returns two numbers.
The first = vertical intercept) is an estimate of Vay.
The second 4 = slope) is one estimate of the complexity
of the surface described by the unknoyunThis slope esti-
mate is more meaningful if the outputs have been standard
ized to[0, 1]. Itis helpful to think of the slope estimate as
roughly the average @fl /4)|V f|? over the input space. Jf
is a very ‘bumpy’ surface thed will be large. If A ~ 0.25

then the functionf is essentially linear. More data points for j=1 to L(N[i,p]) do
(i.e. largerM) are required to get an accurate estimatd of z(p) = z(p) + [y(i) — y(N[4, p][1])]?
than are required fdr. end for
vd(pf) =7(p) + [2(p)/ L(NTi, p))]
. en or
2.1. The Gammartest algorithm end for

The Gamma test works by exploiting the continuity of
the unknown functiorf. Consider what happens when two
data pointsx(i), x(j) are close together. Then singds
smooth we should expect thafx (7)) andf(x(j)) are also
close together. If they are not then it can only be because o0
the addition of noise to each of these values. The Gamm
test (or near neighbour technique) is based on the statistic

for p=11t0 pmaer dO
é(p) =d(p)/M
v(p) = v(p)/2M

end for

Perform | east squares fit on (6(p),v(p)) (1
pSpmaz) to COITpUte y:A;p—}—F
return (T, A)

<
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M
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wherey’ (i) is they value corresponding to the first near
neighbour ofx(i). Given data sample (i), y(i)), where
x(1) (z1(3),...,zm(2), 1 < i < M, let N[i,p] be
the list of (equidistantpt” nearest neighbours te(i). We
write
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Algorithm 1. The Gamma test algorithm.

The Gamma test computes the mean-squaiedearest
neighbour distances betweé(p) (1 < p < pPmaz, typi-
cally ppq = 10), and the corresponding(p). Next the
(6(p),~v(p)) regression line is computed and the vertical in-
tercept is returned as tlgamma statistic (I'). Effectively
this is the limit lim~ asd — 0, which in theory is Vafr).

2The original version in [1] and [11] used smoothed versions(pf
and~y(p) which rolled off the significance of more distant near neighbours.
Later experience showed that this complication was largely unnecessary

and the version of the software used hemnGamma [4] licensed by the
University of Wales, Cardiff) is implemented as described above.




2.2. A smple example

We consider the functiop = sin(47rz) and sampled
with M = 1000 points and add tg uniformly distributed
noise with mean zero and variance(of1. The resulting
graph is shown in Figure 1. For increasiffjthe Gamma
statistic is plotted in Figure 2 (we call this dn-test).
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Figure 1. The noisy sine curve.
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Figure 2. Gamma statistic against M for the
noisy sine data.
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2.3. An example of model construction

The networks used the sigmoidal functigiiz) =
sr (2/(1+e~®/T) — 1), whereT = 0.833 and the scale
factorsyp = 1.5, as the output function, where the activa-
tion z is given by

r = Z Wij T (6)
j=1

wherew;; is the weight from nodg to node: andz; is

the output of nodg. The networks were trained using the

Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm [6]

with a slightly modified line search procedure which proved

more effective for large training sets.

2.4. Example: The Mackey-Glassequation

The Mackey-Glass equation is a time delayed differential

equation which produces a chaotically evolving continuous

wherer = 30 (N.B. 7 > 17). We integrated the equation
overt € [0,8000] with the initial conditionz(t) = 2. No
noise was added. The Lyapunov exponents from the train-
ing time series ard0.001, —0.006, —0.027} to 3 decimal
places using the technique from [16].

The Mackey-Glass time series data was created by writ-
ing out the values of:(t) at ¢ 10, 20, 30, ..., 8000
(At = 10) giving 800 data points of a chaotic time se-
ries. The plot of the first00 data points is given in Figure
3. Given a reasonable amount of data, predicting a chaotic
time series a small time ahead is usually not too difficult.
The problem is to predict a long way ahead. Hare= 10
is a modest time ahead.
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Figure 3. The Mackey-Glass time series.
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2.5. Gammatest model identification and analysis

We first perform an increasing embedding up to max-
imum length10. The graph is shown in Figure 4 which
suggests that it is sufficient to search irregular embeddings
up to a maximum length ot0. However since we are
using a relatively small data set we shall examine embed-
dings to maximum lengtls. We therefore next examine
the prospect of trying to prediat(¢) using the last val-
ues. There ar@% — 1 = 63 combinations of inputs so
it is no problem to do a full embedding search. We find
that the best embedding (i.e. the embedding with smallest
IT|) is 111100, which means that we prediet(¢) using
x(t —3.At), x(t —4.At), x(t — 5.At) andz(t — 6.At). On
this basis we generate the results in Table 1 and Figure 5 -
Figure 6.
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Figure 4. Increasing embedding for the

dynamic system. The version used to generate the data is Mackey-Glass time series.

given by

dx
— Adx(t
7 +0.1z(t)

_0.2x(t—T)

“Trat-n0 @

It is interesting to note that the full embedding search
obtained the best model by omittingt — 1.At) andz(t —



Order r A Embedding
1 0.00033122| 0.29804| 111100
2 0.00044890| 0.26698| 101101
3 0.00047976| 0.24227| 111101
4 0.00055886| 0.26742| 111110
5 0.00069914| 0.23469| 101111
6 0.00074670] 0.40402| 101110
7 0.00077647| 0.40516| 011110
8 0.00082972| 0.25861| 011111

Table 1. The first 8 best embeddings for the
Mackey-Glass time series datain the ascend-
ing order of |T|.

2.At). Why is this? In the original time delay equation the
valuez(t) depends on the valugt — 30) butz(t — 10) and
z(t — 20) are not needed at all, as the software discovered.
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Figure 5. M-test for a Mackey-Glass time se-
ries using the embedding 111100.
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The embedding 11100 provides a four input/one out-
put set of /O pairs. The low noise levEl= 0.0003, com-
bined with the rapid fall off of thel/-test graph (Figure 5),
andI'/Var(y) = 0.004 indicates the existence of a reason-
ably accurate smooth model. The regression line fit is good
with SE =~ 0.0002. The sloped =~ 0.298 is low enough
to suggest a fairly simple non-linear model. Taken together
these are clear indicators that it should be quite straight-
forward to construct a predictive model using aro&id
data points with an expected MSE arown@D03. The scat-
ter plot of Figure 6 contains the typical more or less blank
wedge in the lower small region, which also supports the
conclusion.

2.6. Neural network construction and testing

A neural network with4 inputs, two hidden layers with
eight neurons each and one output neurtbr @ — 8 — 1)
was trained using/ = 800 data points to a MSE of
0.000329877 which is comparable with the Gamma statis-
tic. The plot ofz(n + 1) againstc(n) in Figure 7 shows the
original attractor constructed from the training data. Fig-
ure 8 shows the analogous result obtained by iterating the
trained neural network. Usin)0 unseen samples with the
same sampling time oA¢ = 10 from the system as test

0.015

0. 005

Figure 6. Regression line and scatter plot for
the Mackey-Glass time series data using the
embedding 111100.

data, we calculated the MSE of the network on this test data
to be0.0004 which is again in line with th& statistic. Us-

ing the technique in [16] with an embedding of dimension

on 800 data points generated by the network, we estimated
the Lyapunov exponents to H6.059, —0.044, —0.239} to

3 decimal places. We should note that using such a short
time series may produce inaccurate values of the true Lya-
punov exponents but applying this technique to the training

data facilitates a direct comparison between the trained neu-
ral network and the training data.
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Figure 7. Phase space of z(n + 1) against z(n)
for the Mackey-Glass time series data.
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Figure 8. Phase space of the output z(n + 1)
against z(n) for the iterated Mackey-Glass 4 —
8 —8 — 1 network.



+——— iterative feedback

x(n-d) + k (x(n-d-t) - x(n-d))}i

=

| observation Controlled neural inputs
| points with no external stimulus

{ delay 3 “O B }x(n-3) +k (x(n-3-7) - x(n-3)) ‘—@@
4‘ delay 2 O + ix(n»2) +k (x(n-2-1) - x(n-2)) ’74’09
{ delay 1 ) ‘r)—{ x(n-1) + k (x(n-1-7) - x(n-1)) ’7@

. Hidden layer

x(n)

Feedforward
neural network

........................................................... . Switch signal
Control
feedback k (x(n-1-1) - x(n-1)) .
for each——|—> k(20 X 2) Time delayed
delayed line control feedback Keys
> k (x(n-3-1) - x(n-3)) module (\b_se:’vali(m
poin

k (x(n-d-t) - x(n-d))

Figure 9. A general scheme for constructing a stimulus-response chaotic recurrent neural network:
the chaotic “delayed” network is trained on suitable input-output data constructed from a chaotic
time series; adelayed feedback control is applied to each input line; entry points for external stimulus
are suggested, with a switch signal to activate the control module during external stimulation; signals
on the delay lines or output can be observed at the “observation points”.

2.7. A generic chaotic neural model for stimulus- In the diagramy is the same for each control perturba-
response: architectureand control tion but of course, we could setto be different on each
control line. Stimuli can also be applied by varyikhg

A generic scheme for such a stimulus-response recurrent
network is shown in Figure 9. The single output of the net- 2.8. Delayed feedback control
work feeds back into the inputs using delay buffers accord-

ing to the embedding previously determined by the Gamma e give an example of the different responses of the
test experiments. 'I.'hI.S embedding should contain enoughsystem_ The response signals of the system can be ob-
information for predicting the next system state. served at the output(n) of the feedforward neural net-

For stabilisation control a multiple (gain constant) of \york module or the “observation points” on the delay lines
the delayed feedback is added to each neural network in-y.,, _ 1) . 2(n — d), as indicated in Figure 9.

put specified by the irregular embedding, based on the idea
from Pyragas’ delayed feedback control. The control mod-
ule is shown in Figure 9 and the control perturbation for the
it" input at then” iteration is

2.9. Example: Controlling the Mackey-Glass neu-
ral network

ki (zi(n —i—1) —3i(n — 1)) (8) We user = 5 andk = 0.414144 for our control param-
eters. In this example the control is applied to all delayed

wherek; is a gain constant and is the delay time. We  feedback lines. With control, but without any external stim-
imagine that the presence of an external stimulus excitesulation, the network quickly produces a periodic response
(activates) the control circuitry, which is otherwise inhib- as shown in Figure 10, where control is being turned on and
ited. Thus to achieve a stabilised dynamical regime in re- off. The particular orbit stabilised depends on the initial
sponse to a stimulus the control is switched on at the sameconditions.
time as the external signal is fed into the input line(s). By  Figure 11 shows the signal on the output:) of the
varying the external signal in small steps and holding the feedforward neural network module with the control signal
new setting fixed long enough for the system to stabilise we on all lines usingk = 0.414144, 7 = 5 and with exter-
can observe the response of the network to small changes imal stimulations,, added toz(n — 5). This simple exam-
stimulus. ple already produces a rich variety of dynamical behaviours
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varying in intriguing ways from low to very high peridoic Figure 12. Synchronisation scheme.
behaviours (see [19] for further examples).

1.

synchronised witlk: = 1.1. The difference between the two
networks quickly approaches zero as shown in Figure 14.
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- Figure 13. Average maximum Lyapunov expo-
0 5000 10000 15000 20000 nent against k for the synchronisation of two
Figure 11. Response signals on network out- Mackey-Glass networks.

put z(n), with control signal activated on all
inputs using k£ = 0.414144, = 5 and with con-

stant external stimulation s,, added to z(n—5), ~ 02
where s, varies from —1 to 1 in steps of 0.05 g o1
at each 500 iterative steps after 20 initial tran- 0
sient steps. 0.1

£ -0.2
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t

Figure 14. Synchronisation of two Mackey-
Glass networks with different initial condi-
tions with k = 1.1.

2.10. Synchronisation —experimental results

We will now give an experimental result for a synchro-
nisation experiment (using the scheme illustrated in Figure
12) and show how a suitable value for the feedback constant
can be determined by examining the maximum Lyapunov 3. Conclusions
exponent of the difference between the two systems [3].

We have outlined a systematic methodology which re-
2.11. Example: Synchronisation of two Mackey- duces the construction of an iterative neural network, which
Glass neural networks closely models time series data from a given chaotic sys-
tem, to a relatively automatic process. This construction

The graph of maximum Lyapunov exponent agailist method is based on finding a suitable (usually irregular) em-
averaged ovet0 sets of initial conditions for the synchro- bedding using the Gamma test. Since we know the target
nisation of two Mackey-Glass networks is shown in Figure MSE we can start with a simple network and increase the
13. Two copies of the Mackey-Glass neural network were number of hidden nodes until the training algorithm reaches



the required target error. We have found that in practice
a slightly modified form of the BFGS algorithm produces
quite rapid convergence to the target MSE and compares [4]

very favourably with other forms of gradient descent.

Prompted by the work of Freeman [7] we are interested
in biologically plausible mechanisms of stabilisation for
chaotic neural networks and have illustrated that all the ex-
amples considered can be stabilised via time-delayed feed-
back onto to unstable periodic attractors which are to a large
degree characteristic of the applied stimulus. Moreover we [6]
have found that these behaviours are relatively robust in the
face of noise. We conclude that if stabilisation of chaos is
significant in biological information processing then time
delayed feedback is one possible mechanism by which this (8]
might be achieved. However, one should note that in the
model we have described the response of the system to a

particular stimulus cannot be specifiald initio and it re-

mains an open question as to how such a system might be
encouraged ttearn particular responses without destroying

the features of interest (such as the chaotic behaviour).

Another aspect of this model is that since the response
may be a high-order periodic behaviour we could imagine
a system which responds in a continuing way over a longer
time scale. Thus, for example, the smell of a known preda-
tor could trigger a gait circuit and produce an evasion be-

haviour as long as the stimulus remained present.
In a similar way it is conjectured thagnchronisation of

different neural clusters may also play an important role in [12]
biological information processing. Again we have shown
that synchronisation of two identical chaotic networks can [13]
be achieved very easily by means of time delayed feedback.
Finally, irrespective of the interest of chaotic neural syn-
chronisation in biological information processing there is [14]
the potential application of these ideas to secure communi-
cations. We have taken one of the synchronisation examples
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