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Abstract

In this paperwe presenta methodfor addingHiddenMarkov Models.
Themainadvantagesof our methodarethat it doesnot requirethedatathe
modelshadbeentrainedon, allows a changein thenumberof components,
doesnotassumeindependenceof thecomponentsto beaddedandis resistant
to theorderin which thetrainingdataarrives.Weassessedthemethodin the
experimentswith syntheticdata,which showed goodaccuracy. Finally, we
presentanapplicationin computervision.

1 Introduction

HiddenMarkov Models(HMMs) have beenusedin the speechrecognitioncommunity
sincethe early 1970s[1]. Their popularity is dueto soundmathematicalstructureand
wide applicability. More recently, they foundusein computervision for modellingtem-
poralstructureof gesturesandarticulatedmotion[7, 12].

A facility to updateHMMs incrementallyis a very desirableone.Amongtheadvan-
tagesof incrementalupdatearefastertrainingtimes,aseachtimeamodelis trainedonly
onthepartof thedata.Anotheradvantageis thepossibilityof updatingamodelwith new
dataasit becomesavailable,thuskeepingthemodelconsistentwith any changesin the
inputdata,or extendingthemodelto representa largerdataset.

The HMMs that are usually usedin computervision applicationsare continuous,
wheretheunderlyingdatadistribution is modelledwith a mixtureof Gaussiansandeach
stateis representedwith a singleGaussian.Among the desirablefeaturesof a method
to updatesucha HMM would be not only the ability to updatethe parametersof the
Gaussiancomponents,but also the ability to changethe numberof thesecomponents
to representthe datain the mostefficient way. Anotherdesirablefeaturewould be the
absenceof requirementto accessthedatatheHMM hadbeentrainedonpreviously.

Therehasbeenrecentresearchin thespeechrecognitioncommunityon incremental
updateof HMMs [3, 11]. Mostof thesemethodswork by updatingtheGaussianMixture



Model (GMM) representingtheunderlyingdatadistributionandthenupdatingtheHMM
transitionson the basisof the updatedGMM. Among them, the methoddevelopedby
Gotoh,[3] doesnot requirethepreviousdata,however, it doesnot allow updatingof the
numberof Gaussiansin themixture,but only of their parameters.Themethoddeveloped
by Lu andZhang[11] allows updatingof the numberof componentsin the mixture as
well astheir parameters.However, thelastmethoddependson thetemporalorderof the
datausedto updateaHMM.

TherehasbeenalsoresearchonupdatingjustGMMs [5, 13, 15] asopposedto HMMs.
Most notably, amethoddevelopedby VasconcelosandLippman[13], allows achangein
thenumberof componentsin themodel,however, it assumesindependencebetweenthe
components,which is not thecaseif weallow theGaussiansto overlap.

Most recently, a methodfor addingtwo or moreGMMs, which allows a changein
the numberof components,doesnot assumeindependencebetweenthe componentsto
beadded,andlargely is independentfrom the temporalorderof the input datahasbeen
proposed[4]. Moreover, this methoddoesnot requireany of theoriginal datatheGMMs
hadbeentrainedon, nor doesit needto resamplethe datafrom the GMMs. The result
of addingtwo GMMs is a third GMM, which closelyapproximatestheonewhich would
have beenconstructedby a standardalgorithmgiven as input all the datasetsusedfor
trainingof bothoriginalGMMs. Themethodnotonly allowstheadditionof two arbitrary
GMMs but it also selectsthe optimum numberof clustersto representthe underlying
distributions.Up to date,this is themostgeneralmethodfor addingGMMs weknow of.

In this paperwe proposeto utilise the above method[4] to updatethe underlying
HMM datadistribution andusetheupdatedGMM to evaluatethetransitionprobabilities
betweenthestates.We analysetheperformanceof thealgorithmon a syntheticdataset
andapplyit to theincrementallearningof modelsof humanmotionfrom realworld data.

2 Adding GMMs

In this sectionwe describea methodfor addingGMMs presentedin detail in [4], which
we thenextendto addingHMMs.

Supposewe aregivena pair of GMMs; anN-componentGMM G1 madefrom a data
sethaving Nx points,andan M-componentGMM G2 constructedfrom a datasetof Ny

points.TheGMMs G1 andG2 representthedistributionsp ( x ) andq ( x ) , respectively:

p ( x )
* N

∑
i+ 1

α ,i g ( x; µ , i - C, i ) (1)

q ( x )
* N

∑
i+ 1

α , ,i g ( x; µ , , i - C, , i ) (2)

The processof addingtheseGMMs startswith their concatenation,which consists
of concatenatingtheir descriptionsandupdatingthepriors in sucha way that thesumof
thenew setof priors remainsequalto one. This canbedoneby taking into accountthe
respectivenumbersof pointsthetwo originaldistributionshadbeentrainedon. Theresult
of this concatenationoperationis anew GMM G3 consistingof N . M componentsfrom
G1 andG2 respectively, andrepresentingthedistribution r ( x )



r ( x )
* N / M

∑
i+ 1

αig ( x; µi - Ci ) (3)

In thesecondstageG3 is “simplified” to aK-componentGMM G4, whereK 0 N . M,
throughtheapplicationof ( N . M )21 K scalarswi j, which areusedto specifythecontri-
bution thattheith componentof G3 makesto the jth componentof G4. G4 representsthe
distribution s ( x ) :

s ( x )2* K

∑
i+ 1

βig ( x;νi - Di ) (4)

wheretheparametersarecalculatedin thefollowing way:

β j * N / M

∑
i+ 1

wi jαi (5)

ν j * 1
β j

N / M

∑
i+ 1

wi jαiµi (6)

D j * 1
β j
( N / M

∑
i+ 1

wi jαi ( Ci . µµT )3)54 ννT (7)

with thefollowing constraints:

N / M

∑
i+ 1

wi j * 1 (8)

0 6 N / M

∑
i+ 1

wi jαi 6 1 (9)

The weightswi j for transforming( N . M ) -componentGMM G3 to a K-component

GMM G4 arefoundthroughminimising the χ2 distancebetweentheN . M-component
andK-componentGMMs usingNelder-Meadsearchandtheconstraints(8) and(9).

Thenumberof componentsK which representsbestthesumof G1 andG2 is found
throughconsequentlysimplifying the N . M-componentGMM to 1,2,3,...,N . M 4 1
componentsandevaluatingthe penalisedlog-likelihoodof eachsimplified GMM. The
GMM with the largestvalue of the penalisedlog-likelihood is chosenas the result of
additionof thetwo originalGMMs G1 andG2.

3 Adding HMMs

In thissectionweconsideraddingtwo continuousHMMs whereeachstateis represented
usingasingleGaussian.

Supposewe have two HMMs: λ1 *87 π1 - A1 - B1 9 consistingof M states,andλ2 *7 π2 - A2 - B2 9 consistingof N states,whereπ i arethe initial stateprobability vectors,Ai

are the statetransitionprobability matrices,and Bi are the Gaussiansrepresentingthe
states.Let theresultof theadditionbeaHMM λ3 *:7 π3 - A3 - B3 9



To addλ1 andλ2 wefirstly addthetwo underlyingobservationdistributionsB1 andB2

usingthemethoddescribedabovefor addingGMMs to estimatethecombineddistribution
B3 9 andthenusetheobtainedmatrix W to a estimatethenew transitionmatrix andthe
new initial stateprobabilityvector.

Thefirst stageof estimatingtheprobabilitytransitionmatrixof HMM λ3 is tocombine
the two original transitionmatricesA1 of size MxM and A2 of size NxN into a single
matrix Ac of sizenxn, wheren * N . M, asdetailedbelow.

Ac *
a11 a12 ;3;�; a1M a1M/ 1 ;3;�; a1M/ N
a21 a22 ;3;�; a2M a2M/ 1 ;3;�; a2M/ N
...

...
. . .

...
...

.. .
aM1 aM2 ;3;�; aM aMM/ 1 ;3;�; aMM / N

...
...

. . .
...

...
.. .

aM / N1 aM/ N2 ;3;�; aM/ NM aM/ NM / 1 ;3;�; aM/ NM/ N

whereai j * 7 A1 9
i j if i 0 M and j 0 M7 A2 9
i < M = j < M if i > M and j > M

0 otherwise

The elementsof the probability transitionmatrix A3 areobtainedusingthe formula
below, whereαi areB3 thecomponentpriors,ai j aretheelementsof thematrix Ac and
wi j aretheelementsof thematrix W.

7 A3 9
i j * ∑n

l + 1 ∑n
k+ 1 αkwkiwl jakl

∑N
j+ 1 ∑n

l + 1 ∑n
k+ 1 αkwkiwl jakl

(10)

Finally, we estimatethe initial stateprobabilityvectorπ3 of λ3. To obtainits values
wefirst concatenatethetwo initial stateprobabilityvectorsπ1 andπ2 into asinglevector
πc andthenupdatethevectorelementsin thefollowing way.

π3
i * ∑n

k+ 1 wkiπ
c
k

∑N
i+ 1 ∑n

k+ 1 wkiπc
k

(11)

Sometimesthenominatorvaluein theabove expressiontakeson a negative value,in
sucheventualitywesetit to zerobeforeestimatingtherestof theelementsof π3.

Thisapproachseemsto besensibleconsideringthatminimisingoverthedistancesbe-
tweendifferentHMMs ratherthanGMMs asin [4] would involvecalculatingmorecom-
putationallyexpensive measuresthan χ2, suchas, for example,Kullback-Lieblermea-
sure.Moreover, astandarddistancemeasureusedfor assessingdissimilaritybetweentwo
ergodicHMMs [6] is moresensitive to thedifferencebetweentheunderlyingobservation
distributionsthanto thedifferencein thetransitionmatrices.Thus,optimisingtheresult
of theadditionof theHMM stateprobabilitydensitiesfirst andthenusingtheresultto ad-
just thetransitionprobabilitymatrixhasgoodtheoreticalandpracticalfoundations.In the
next sectionswe experimentallyevaluatetheproposedmethodandshow thatit produces
verygoodresults.



4 Experiments with synthetic data

In this sectionwe presenta seriesof experimentsdesignedto measuretheaccuracy and
efficiency of ourmethodfor addingHMMs. Unlessotherwisestated,thedatausedin the
experimentsis three-dimensional.Whenwe constructa randomHMM of N components
weensurethedatais separable in thesensethatunderfull automationtheoptimalnumber
of componentsfor an ab initio GMM turnedout to be N also, thus avoiding strongly
overlappingcomponents.

The randomHMMs weregeneratedby choosingrandomtransitionmatrices,means
andcovariancematrices.The meanswererandomlydistributedin a hypercubeof edge
d. A low valueof d increasedthelikelihoodof ”overlapping”components,makingsepa-
ration,simplification,andselectingthecorrectnumberof componentswhenaddingtwo
GMMs a moredifficult task.We foundwhend * 20 thecomponentswereusuallysepa-
rablewith someexclusionswhenanotherHMM hadto begenerated.

4.1 Measuring distance between two HMMs

In thenext sectionwe will describetheexperimentswe have undertakento measurethe
accuracy andefficiency of our methodto addtwo HMMs. To do sowe needto employ a
measureof distancebetweentwo HMMs.

TherehavebeenseveralHMM dissimilaritymeasuresproposedin recentyears.Early
approacheswerebasedon the Euclidiandistanceof the discreteobservation probabili-
ties[10]. However, thesekindsof measuresdid not take into accountthetemporalstruc-
turerepresentedin theMarkov chain.

One of the first distancemeasuresto take into accountthe temporalstructureof
Markov chainswas proposedby B.-H.Juanget.al. [6], and is basedon the Kullback-
Lieblerdistance[9], whichcharacterisesthediscriminatingpropertiesof two probabilistic
modelsλ andξ :

DKL ( λ - ξ )2*
Oλ

1

G ( Oλ ) log
pλ ( Oλ )
pξ ( Oλ ) pλ ( Oλ ) dOλ (12)

In theabove expressionOλ is anobservationgeneratedby themodelλ , andpλ ( Oλ )
is thelikelihoodof thesequenceOλ beinggeneratedby themodelλ .

ThemeasureproposedbyJuangisanapproximationbasedontheMonteCarlomethod,
with T beingthelengthof theobservation.

DJ ( λ - ξ )
* lim
T ? ∞

1
T

log
pλ ( Oλ )
pξ ( Oλ ) (13)

Different variantsof the above measurewere proposedby Kohler [8], Falkhausen
et.al.[2] andM.Viholaet.al.[14], but they weremainlyconcernedwith adaptingtheabove
measureto left-to-rightHMMs, whichareusuallyusedin speechrecognitionapplications,
or with findinganapproximationto theoriginaldefinitionwhichcouldbeestimatedmore
efficiently.



In thefollowing experimentsweusethefollowing variantproposedby Kohlerto work
with N observations:

D ( λ - ξ )
* 1
N

N

∑
i+ 1

1
Ti

log
pλ ( Oλ

i )
pξ ( Oλ

i ) (14)

However, thedistanceD ( λ - ξ ) is not symmetric.We symmetriseit in the following
way:

Ds ( λ - ξ )2* 1
2 @D ( λ - ξ )�. D ( ξ - λ )BA (15)

4.2 Accuracy of adding two HMMs

In orderto assesstheaccuracy of our methodfor HMM additionwe requiresomecom-
parisonof theresultsour methodproducesto thegroundtruth. To achieve this objective
we performeda seriesof experiments,wherein eachexperimentwe producea random
HMM λ0, which is to bethegroundtruth. We useit to generateseveralobservationsOi
of time-lengthsTi, whichweuseto estimateanab initio HMM λinit

Next we separatethe observationsOi into two sets,X1 and X2. We train two new
HMMs λ1 andλ2 onthesetsX1 andX2 respectively. Finally, weaddλ1 andλ2 to produce
λadd usingtheproposedmethodandthenmeasurethedistancebetweenthegroundtruth
HMM λ0 andtheresultof theadditionλadd , aswell asthedistancebetweenλ0 andλinit .
If thetwo distancesareclose,it meansourmethodhasperformedaswell asanautomatic
methodfor estimatingHMM given all the data. We alsofind the distancebetweenλinit
andλadd , which tellsushow closetheresultof additionis to theoriginalHMM.

We repeattheabove procedure10 timesfor eachnumberK of statesin HMM, which
we changefrom 1 to 5. We alsoinvestigatehow thenumberof samplesusedto train the
HMMs affectstheaccuracy of theab initio andaddedHMM by repeatingthewholeseries
of experimentsfor 200,400,800and1600samplesfrom theunderlyingHMM distribu-
tion. The resultsareshown in Figure1. In theory, whendealingwith the observations
of infinite length,thedistanceproposeby Juang(13) will alwaysstaypositive. However,
whenwe aredealingwith observationsof finite length,sometimesit canhappenthat the
resultof theexpression (14) is a negative number. The longertheobservationsare,the
smalleris thechancethattheexpressionwill produceanegativenumber. As wecanseein
thegraphs,thedistancesbetweenλ0 andλinit , andbetweenλ0 andλadd arecomparable.
The resultsimprove further whenthe numberof samplesincreases(Figure1), but they
aremorethanacceptableevenwith thesmallestnumberof samples(200)thatweused.

5 Experiments with 3D human motion data

In thissectionwepresenttheresultof addingtwo HMMs, eachtrainedon the3D motion
datacollectedfrom oneof two people.Thedatarepresentsthe3D Cartesianpositionsof
17 markers,attachedto thebodyof a personin placessuchaselbows andknees,in the
courseof severalcyclesof walkingmotion.Theorigin of thecoordinatesystemis placed
approximatelyat thecentreof gravity of a person’s bodyandhencemovestogetherwith
the person. Prior to HMM training the datahad beennormalisedwith respectto the
person’s heightandto have zeromean.Finally, thedimensionalityof thedatahasbeen
reducedfrom 51 to 3 for visualisationpurposesthroughPCA analysis.
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Figure1: Themeandistances,over 10 trials, betweenλinit andλadd (solid line), λ0 and
λadd (dashedline), λ0 andλinit (dash-dotline). Thedistancesarecalculatedfor 200,400,
800and1600samples(displayedin left to right, topdown order.)

Wishingto obtaina singlemodelrepresentingthewalking motionof bothpeoplewe
addtheabove HMMs (Figures2, 3). Both of theoriginal HMMs have beeninitialisedto
have 12Gaussiancomponents,thenumberchosenby ourselves.

TheresultingHMM (Figure4) has22Gaussiancomponentschosenautomaticallyby
themethod.Thenumberis closeto thetotalnumberof componentsin bothof theoriginal
HMMs. However, asyou canseein Figure 4, mostof the new componentsmodelthe
datafrom bothdistributions,completewith thestatetransitions,thusproviding uswith a
singlemodelof motionof two people.

6 Conclusions

We presenteda novel methodfor HMM addition,which doesnot requirethe datathe
HMMs had beentrainedon, allows a changein the numberof components,doesnot
assumeindependenceof thecomponentsto beaddedandis resistantto theorderin which
the training dataarrives. The methodallows for incrementallearningof HMMs asthe
new databecomesavailable.

We assessedthemethodin theexperimentswith syntheticdata,which showedgood
accuracy. We alsopresenteda practicalapplicationof addingtwo HMMs modellingthe
walking motion of two differentpeople.The resultingHMM is morecompactthanthe
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Figure2: The motion dataof two people(dots refer to the first person,trianglesrefer
to thesecondperson)with anoverlaidHMM trainedon thedataof thefirst person.The
Gaussiansarerepresentedwith theellipsoids,thepossiblestatetransitionsarerepresented
with thelinesconnectingtheellipsoids.

two separatemodelstogether, whilst representingthemotionof two people.Theadded
HMM, sameastheoriginal HMMs, canbeusedfor trackingof walking peoplein video
asproposedin [7]. However, the new modelwill be able to track the motion of both
people.
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