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Abstract. In this paper, we examine an argument-based semanticsl cahai-
stable semanticsSemi-stable semantics is quite close to traditional stabman-
tics in the sense that every stable extension is also a dabie®xtension. One of
the advantages of semi-stable semantics is that there exilgtast one semi-stable
extension. Furthermore, if there also exists at least aat@esextension, then the
semi-stable extensions coincide with the stable extessibhis, and other proper-
ties, make semi-stable semantics an attractive alteenétivthe more traditional
stable semantics, which until now has been widely used iddfiglich as logic pro-
gramming and answer set programming.
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1. Introduction

In the field of argumentation and defeasible reasoningjestsdmantics is one of the
oldest ways of determining which arguments or statememtbe&onsidered as justified.
Well-known examples of formalisms in which stable semaniscapplied are default
logic [9] and stable models of logic programs [6]. Althoudtemative semantics have
been stated over the years, like for instance grounded sa®mavhich has its origins
in Pollock’soscAR([8] and in the well-founded semantics of logic programmif@][
stable semantics has kept considerable support and isntyrused even in relatively
modern fields such as Answer Set Programming [7].

The popularity of stable semantics is not entirely with@#son. It is a quite simple
and straightforward semantics in which every argument ssgasd a status of either
in or out [2]. Furthermore, it is also a very credulous semantics engéinse that the
intersection of the stable extensions is a superset of teesexction of the preferred
extensions, which is in its turn a superset of the groundéghsion. In some domains,
like using argumentation for belief revision, one may prédeuse a credulous approach.

Nevertheless, stable semantics has its shortcomings, iohuie potential absence
of stable extensions is the most obvious one. Preferredrd@adas been proposed as
an alternative [5], but it has as a side effect that additioia-stable extensions can
be introduced, even in situations where stable extensilveady exist. An interesting
question is whether one could find a semantics that is “baskaampatible” to stable
semantics in the sense that it is equivalent to stable sérsantsituations where stable
extensions exist and still yields a reasonable result ¢pably quite close to stable) in

1This work has been sponsored by the EU ASPIC project.



2 Semi-Stable Semantics

situations where stable extensions do not exist. In thiepa@ show that a relatively
simple and straightforward principle can be used to formbhgis of such a semantics.
We propose this semantics as a practical alternative foradtmsrand applications where
stable semantics is still being applied.

2. Basic Definitions

We first start with some basic definitions regarding abstegtaimentation based on [5].

Definition 1 (argumentation framework)An argumentation framework is a pair
(Ar, def ) whereAr is a finite set of arguments anldf C Ar x Ar.

The shorthand notatiod™ and A~ stands for, respectively, the set of arguments de-
feated byA and the set of arguments that defdatf A C Ar then we write Ar, def )| 4
as a shorthand fdt4, { (4, B) | (A, B) € def andA, B € A}).

Definition 2 (defense / conflict-free)Let A € Ar and.Args C Ar.

We definedt as{B | A def B} andArgs* as{B | A def B for someA € Args}.
We defined~ as{B | B def A} andArgs— as{B | B def AforsomeA € Args}.
Args defendsan argumentd iff A= C Args™.

Args is conflict-freeiff Args N Args™ = 0.

In the following definition,F'(Args) stands for the set of arguments that are accept-
able (in the sense of [5]) with respect.ttrgs. Notice that the definitions of grounded,
preferred and stable semantics are provided in terms of aenpemantics, which has
the advantage of making the proofs in the remainder of thpgepmore straightforward.
Although these definitions are different from the ones piediby Dung [5], it is proved
in the appendix that they are in fact equivalent to Dung’'siagrs of grounded, preferred
and stable semantics.

Definition 3 (acceptability semantics) et Args be a conflict-free set of arguments and
F : 24195, 24795 e a function with'(Args) = {A | A is defended bylrgs}.

Args is admissiblaff Args C F(Args).

Args is acompleteextension iffArgs = F'(Args).

Args is a groundedextension iftArgs is the minimal (w.r.t. set-inclusion) com-

plete extension.

- Args is apreferredextension iffArgs is a maximal (w.r.t. set-inclusion) complete
extension.

- Args is a stableextension iffArgs is a complete extension that defeats every

argument inAr\ Args.

Note that there is only one grounded extension. It contdirite@arguments which
are not defeated, as well as those arguments which areldioe@bdirectly defended by
non-defeated arguments.

We say that an argument csedulously justifiedinder a particular semantics iff it
is in at least one extension under this semantics. We sayathatgument isceptically
justifiedunder a particular semantics iff it is in each extension uitis semantics.
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3. Semi-Stable Semantics

The notion of semi-stable semantics, as put forward in thesotipaper, is quite similar
to that of preferred semantics. The only difference is tlwtArgs is maximized, but
Args U Args™.

Definition 4. Let (Ar, def) be an argumentation framework aotigs C Ar. Args is
called asemi-stable extensidff Args is a complete extension wheregs U Args™ is
maximal.

If Args is a complete extension, thetrgs U Args™ is called itsrange— a notion
first introduced by Bart Verheij [11].
The first thing to notice is that every stable extension is alsemi-stable extension.

Theorem 1. Let Args be a stable extension of argumentation framewgtk, def).
Args is also a semi-stable extension(ofr, def).

Proof. Let Args be a stable extension ¢fir, def). Then.Args is a complete extension
that defeats every argumentir\ Args. This means thatlrgs U Args™ = Ar. There-
fore, Args U Args™ is maximal (it cannot be a proper supersetiof). Therefore,Args
is a semi-stable extension. O

The converse of Theorem 1 does not hold. That is, it is not ése that each semi-
stable extension is also a stable extension. This is itstr by the following example.

Example 1. Let (Ar, def) be an argumentation framework withr = {4, B,C, D}
and def = {(4,4),(A,C),(B,C),(C,D)}. A graphical representation is shown in
figure 1. Here{ B, D} is a semi-stable extension which is not a stable extension.

Figure 1. { B, D} is a semi-stable but not a stable extension.

Another interesting property of semi-stable semantichas évery semi-stable ex-
tension is also a preferred extension.

Theorem 2. Let.Args be a semi-stable extension of argumentation frameuérk def ).
ThenArygs is also a preferred extension Qfir, def).

Proof. Let Args be a semi-stable extension odr, def). SupposeArys is not a pre-
ferred extension of Ar, def). Then there exists a setrgs’ 2 Args such thatdrgs’ is

a complete extension. But froptrgs’ 2 Arygs it follows that Args't O Args™. There-
fore, (Args’ U Args't) 2 (Args U Args™). But thenArgs would not be a semi-stable
extension, sincelrgs U Args™ would not be maximal. Contradiction. O
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The converse of Theorem 2 does not hold. That is, it is not dse that every pre-
ferred extension is also a semi-stable extension. Thituistibited by the following ex-
ample.

Example 2. Let(Ar, def ) be an argumentation framework withr = {A, B, C, D, E'}
anddef = {(4,B),(B,A),(B,(),(C,D),(D,E),(E,C)}. A graphical representa-
tion is shown in figure 2. Herd,A} is a preferred extension which is not a semi-stable
extension. The only semi-stable extensiofBs D} .
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Figure 2. { A} is a preferred but not a semi-stable extension.

The overall position of semi-stable semantics is shown iré@. Each stable exten-
sion is a semi-stable extension; each semi-stable exteisstopreferred extension; each
preferred extension is a complete extension and the grauextension is a complete
extension.

stable
semi-stable

preferred grounded

complete

Figure 3. A brief overview of argument based semantics.

It is interesting to observe that in argumentation framéwavhere there exists at
least one stable extension, the semi-stable extensionsideiwith the stable extensions.

Theorem 3. Let (Ar, def) be an argumentation framework that has at least one stable
extension. LeSE = {SE4,...,SE,} be the set of stable extensions andJ&tE =
{SSE;,...,SSE,} be the set of semi-stable extensions. It holds fifat= SSE.

Proof. We need to prove that:

1. SECSSE
This follows directly from Theorem 1.

2. SSECSE
Let SE; € SFE (such anSE; exists since it is assumed th@gdr, def) has at
least one stable extension). It holds tisgf; U SE;" = Ar. Therefore, every
semi-stable extensiafiS E; will also have to satisfy that S E; U SSE;r = Ar
(otherwiseSSE; U SSE;" would not be maximal). This means that every semi-
stable extension is also a stable extension.
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O

For every argumentation framework there exists at leastseng-stable extension.
This is because there exists at least one complete extermidna semi-stable exten-
sion is simply a complete extension in which some propehtg (tnion of itself and the
arguments it defeats) is maximal.

Apart from the guaranteed existence of extensions, sablessemantics has yet
another advantage to stable semantics. In determininghehah argumentis sceptically
or credulously justified with respect to semi-stable semanbne only has to take into
account arguments that ardevant

Definition 5. Let (Ar, def) be an argumentation framework. An argumene Ar is
relevantwith respect to an argumei? € Ar iff there exists an undirected path between
AandB.

In stable semantics, irrelevant arguments can influencehg&han argument is jus-
tified or not. This is illustrated by the following example.

Example 3. Let (Ar, def) be an argumentation framework withr = {4, B,C, D}
anddef = {(A,A)}B,C),(C,D)}. A graphical representation is shown in figure 4.
Here, argument®, C' and D are relevant with respect to each other, and arguméng
not relevant with respect t&, C and D. Yet, argumen# is the reason why there is no
stable extension containing and D.

O. o——>0—>0
A B C D

Figure 4. Stable semantics does not satisfy relevance.

Semi-stable semantics, however, does satisfy relevameéeMant arguments have
no influence whatsoever on the question whether an argumgustified under semi-
stable semantics. To prove this, we first state two lemmas.

Lemma 1. Let (Ar, def) be an argumentation framework, ldt € Ar and A C Ar
such thatA is the set of arguments relevant with respectitdf Args is a semi-stable
extension of Ar, def) thenArgs N A is a semi-stable extension @ir, def )| 4.

Proof. Let Args be a semi-stable extension @i, def). Supposedrgs N A is not a
semi-stable extension ¢fir, def )| 4. Then there exists a complete extensibrys’ of
(Ar, def )4 with (Args’ N Args'™) 2 (Args N A) U (Args N A)*. As Alis the largest
(w.r.t. set inclusion) set of arguments that are relevasgith other, it holds thgtdrgs N
A)U (Args N A)t = (Args U Args™) N A. But thenArgs could not be a semi-stable
extension becausérgs U (Args’\.A) would be a complete extension with a larger range.
Contradiction. O

Lemma 2. Let (Ar, def) be an argumentation framework, ldt € Ar and A C Ar
such thatA is the set of arguments relevant with respecttdf Args is a semi-stable
extension of Ar, def)| 4 then there exists a semi-stable extensibrys’ of (Ar, def)
with Args’ N A = Args.
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Proof. Let Args be a semi-stable extension Oflr, def ) 4. Suppose there exists no
semi-stable extensiodrgs’ of (Ar, def) with Args’ N A = Args. Then every com-
plete extensiomdrgs’ of (Ar, def) with Args’ N A = Args does not have a maximal
range. Letdrgs’ be a complete extension Oflr, def ), with Args’ N A = Args, such
that Args"\ A is a semi-stable extension @fir, def )| ar\ 4). Such an extension always
exists since the arguments.hare not relevant with respect to the argumentdin A.
The fact thatdrgs’ is not a semi-stable extension @ir, def) means that there exists
a complete extension with a bigger range. As the rangérgt’\ A is already maximal
in (Ar, def )|(ar\.4) this can only mean that the range.dfgs’ N A is not maximal in
(Ar, def) 4. ButasArgs' N A = Args this means thatlrgs would not be a semi-stable
extension of Ar, def), 4. Contradiction. O

Theorem 4. Let(Ar, def ) be an argumentation framework and lete Arand A C Ar
such thatA is the set of arguments that is relevant with respectto

1. There exists a semi-stable extension df, def) iff there exists a semi-stable
extension of Ar, def), 4.

2. A is in every semi-stable extension (ofr, def) iff A is in every semi-stable
extension of Ar, def), .

Proof. This follows directly from Lemma 1 and Lemma 2. O

As each semi-stable extension is also a preferred extersistnaightforward way
of computing semi-stable semantics would be to computeefepred extensions (using
an algorithm like [12]) and then to determine which of theealso semi-stable. If one
is only interested in whether an argumehis credulously or sceptically justified under
semi-stable semantics, one does not have to take into acttmiantire argumentation
framework. Instead, as stated by Theorem Theorem 4, onehaslyo take into account
the arguments that are relevant with respecti tawhen calculating the preferred exten-
sions. In many cases, however, there also exist alternatiys of determining whether
an argument is credulously or sceptically justified underisgtable semantics.

Theorem 5. Let (Ar, def) be an argumentation framework, and léte Ar.

1. If Aisin the grounded extension, thenis in every semi-stable extension.

2. If Ais not part of an admissible set, thehis not in any semi-stable extension.

3. If A is part of an admissible set but is not defeated by any adbiésset then
there exists a semi-stable extension containing

Proof.

1. This follows from the fact that the grounded extension ssibset of each com-
plete extension [5], and the fact that each semi-stablenside is a complete
extension.

. This follows from the fact that each semi-stable extem@a@n admissible set.

3. The fact thatd is not defeated by an admissible set also meansAhist not

defeated by a complete extension, and therefore Ahigt also not defeated by
a semi-stable extension. That is, for any semi-stable sidandrgs, it holds
that A ¢ Args™. The fact that4 is part of an admissible set means that there
is a preferred extension containing Let .Args’ be a preferred extension that

N
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containsA and where (within the constraint that it contaiths.Args’ U Args'T is
maximal. As for any semi-stable extensidmgs it holds thatA ¢ Args™, it also
holds for any semi-stable extension not containihthat A ¢ Args U Args™.
Thus, Args’ U Args'T cannot be enlarged without losing Therefore Args’ is
a semi-stable extension.

O

An example of point 3 of Theorem 5 can be found in Figure 2. HargumentD
is in an admissible set but is not defeated by an admissibld ke is because its only
defeater ) is not part of any admissible set. Henéeis part of a semi-stable extension.

4. Discussion and Research Issues

The idea of semi-stable semantics is not entirely new. Ituisegsimilar to Verheij's
concept of aradmissible stage extensiamhich fits within Verheij's general approach of
usingstagego deal with the issue of argument reinstatement [11].

Definition 6. Anadmissible stage extensita pair (Args, Args™) whereArgs is an
admissible set of arguments agdgs U Args™ is maximal.

It can be shown that Verheij's approach of admissible stagensions is in fact
equivalent to the notion of a semi-stable semantics. Thatited and proved by Propo-
sition 3 in the appendix.

Verheij also studied the relation between stable, senblestnd preferred semantics,
but has done so in terms of his stages approach, which rekitie following. This,
and the fact that his work was published in a relatively shoatl conference has caused
his work not to receive the attention that one may argue itikhioave received.

Semi-stable semantics can be seen as having a quite nalacel \within Dung’s
traditional semantics. One possible way of looking at teaésof argument reinstatement
is to label each argument eithet, out or undec according to the following postulate.

Postulate 1([2]). An argument is labelledn iff all its defeaters are labelledut. An
argument is labelledut iff it has a defeater that is labelleth.

It can be shown that labellings satisfying this postulatéaade with complete ex-
tensions [2]. Furthermore, for labellings that satisfy tAtage 1 it holds that (1) those
in which in is maximized coincide with preferred extensions, (2) thiosehich out
is maximized coincide with preferred extensions, (3) thimsevhich undec is maxi-
mized coincide with the grounded extension, (4) those irctviih is minimized coin-
cide with the grounded extension, and (5) those in whictiis minimized coincide with
the grounded extension. Semi-stable extensions thenideimgth labellings in which
undec is minimized (6).

One possible application of semi-stable semantics wouid bee field Answer Set
Programming [7]. The implementation of semi-stable seinantith respect to Answer
Set Programming, however, involves more than just a chante devel of the abstract
semantics. As logic programming, of which the Answer SegRrmming approach can
be seen as a special instance, can be regarded from thegiaspéabstract argumenta-
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tion [5,3], the most obvious way of implementing semi-stedmantics would be at the
level of the argumentation framework. Recent researchekiewyindicates that this may
not be enough, since there is an issue regarding the pdtel&tion of argumentation
quality postulates [4,1]. For the well-founded semantikis issue can be dealt with by
stating syntactical restrictions on the content of the rokégl logic program in question
[3]. One of our research aims is to study whether a similar@ggh is also possible in
the context of semi-stable semantics.
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Appendix

Proposition 1. Let (Ar, def) be an argumentation framework and ldtgs C Ar. The
following statements are equivalent:

1. Args is the grounded extension
2. Args is a minimal fixpoint of’

Proof.

from 1 to 2: Let Args be the grounded extension. Suppose thajs is not a minimal
fixpoint of F'. Then there exists a proper subgeys’ C Args which is a fixpoint
of F'. As Args is already the smallest fixpoint df that is conflict-free, this can
only mean thatdrgs’ is not conflict-free. But this is impossible as a subset of a
conflict-free set is also conflict-free. Contradiction.

from 2 to 1: Let . Args be a minimal fixpoint ofF’. As a monotonic increasing function
like has a unique minimal fixpoint, the minimal fixpoint &f must be unique.
From the previous point of this proof it then follows that p@unded extension
is equivalent to this fixpoint.

O

Proposition 2. Let (Ar, def) be an argumentation framework and ldtgs C Ar. The
following statements are equivalent:

1. Args is a preferred extension
2. Args is a maximal admissible set

Proof. This follows from Theorem 25 of [5]. O

Proposition 3. Let (Ar, def) be an argumentation framework andirgs C Ar. The
following statements are equivalent:

1. Args is a semi-stable extension
2. Args is an admissible set of whidbdrgs, Args™) maximal

Proof.

from 2 to 1: A complete extension is a stronger condition than an adbiesset, so we
only need to prove that an admissible seiys whereArgs U Args™ is maximal
is also a complete extension. Suppose this is not the case. thiere must be an
argumentB ¢ Args that is defended bylrgs. This means that every argumeiit
that defeatsB is defeated by an argumentidvgs. Therefore B ¢ Args™ (other-
wise Args would not be conflict-free). This means thétgs U{ B} is conflict-free
and self-defending, and thus an admissible set. But thiddumean thatdrgs is
not an admissible set for whichrgs U Args™ is maximal. Contradiction.

from 1to 2: An admissible set is a weaker condition than a complete sidanWe
therefore only need to prove that maximality still holds enthis weaker condi-
tion. Suppose thatlrgs U Args™ would not be maximal. This means there exists
an admissible setlrgs’ such thal. Args’ U Args'T) D (Args U Args™). From the
previous point (“from 2 to 1”) it follows thatrgs” would be a complete extension.
But then.Args would not have been a complete extension whéres U Args™ is
maximal. Contradiction.
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O

Proposition 4. Let (Ar, def) be an argumentation framework and ldtgs C Ar. The
following statements are equivalent:

1. Args is a stable extension

2. Args is a preferred extension that defeats every argumendtinArgs
3. Args is an admissible set that defeats every argumeuntiif.Args

4. Args is a conflict-free set that defeats every argumentin Args

Proof.

from 1to 2: Let Args be a stable extension. This means tHays is a complete exten-
sion that defeats every argumentdmn\ .Args. Suppose thatlrgs is not a preferred
extension. That means that there is a complete extensige’ 2 Args. But as
Args defeats every argument idr\ Args, this means thatdrgs’ would not be
conflict-free and therefore could not be a complete extens§iontradiction.

from 2 to 1: Trivial (every preferred extension is also a complete esitam).

from 2 to 3: From Theorem 2 it follows that a preferred extension is a (mak ad-
missible set.

from 3 to 2: Let.Args be an admissible set that defeats all argumentkindrgs. Sup-
pose thatdrgs is not a preferred extension. This means that there exisis @is-
sible setdrgs’ O Args. ButasArgs defeats all arguments itir\ Args, this would
mean thatdrgs’ is not conflict-free and therefore could not be an admissibte
Contradiction.

from 3 to 4: This follows directly from the fact that an admissible setamflict-free.

from 4 to 3: Let Args be a conflict-free set that defeats all argumentsiin, Args.
Then, every argument that defeatsys is also defeated bylrgs. This means that
Args is an admissible set.

O



